Finding the maximum magnitude response (gain)
of second-order filters without calculus

Kenneth V. Cartwright!, Patrick Russell* and Edit J. Kaminsky?

EDVCATIO PHYSICORVM
P LN

!School of Mathematics, Physics and Technology, College of The Bahamas, P.O. Box
N4912, Nassau, Bahamas.

“Department of Electrical Engineering, EN 846 Lakefront Campus, University of New
Orleans, New Orleans, LA 70148, USA.

E-mail: kvcartwright@yahoo.com

(Received 10 July 2012, accepted 3 December 2012)

Abstract
The maximum gain (with respect to frequency) of second-order filters such as low-pass, high-pass, band-pass, low-pass
notch and high-pass notch filters is derived without using calculus. Our method uses the fact that the square of the
magnitude response (gain) for these filters can be written as a positive constant divided by a quadratic function of
frequency. Hence, the gain is maximized when the denominator of the gain is minimized, which is easily achieved
without calculus, as the denominator is parabolic.

Keywords: Filters, Maximum without Calculus, Maximum Gain.

Restumen
Derivamos, sin usar calculo, la ganancia méaxima (con respecto a la frecuencia) de filtros de segundo orden, como
filtros de paso bajo, paso alto, pasabanda, muesca de paso bajo, y muesca de paso alto. Nuestro método se basa en el
hecho de que el cuadrado de la respuesta de magnitud (ganancia) para estos filtros se puede escribir como una constante
positiva dividida por una funcién cuadratica de la frecuencia. Por consiguiente, la ganancia se maximiza cuando el
denominador se minimiza, lo que se hace facilmente sin calculo porque el denominador es parabdlico.

Palabras cave: Filtros, Méaximo sin calculo, Ganancia maxima.

PACS: 84.30.Vn, 02.90.+p, 01.40.Ha and 01.40.Fk.

I. INTRODUCTION

Second-order filters are ubiquitous in electronics. One
important feature of these filters is the maximum magnitude
response (gain) attainable by the filter, whether they are
low-pass, high-pass, band-pass, low-pass notch, or high-
pass notch filters. Such filters are studied by many authors
(please see e.g., pp. 15 and 16 of [1] and [2]) where,
conventionally, this maximum value is found with calculus,
or indeed simply stated without derivation. However, this
puts the curious student who has not yet had the chance to
study calculus at a disadvantage. Presently, he or she has no
choice but to accept the equations for the maximum gain
without any understanding as to their origins. Fortunately,
as we show in this paper, it is straightforward to derive this
maximum gain without calculus.

Il. GAIN OF SELECTED SECOND-ORDER
FILTERS

In this section, the gain of selected second-order filters is
given.
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A. Low-Pass Filter

The transfer function of a second-order low-pass filter is
given by

L @)

) = Eapraoray’

where a,, w, and Q are parameters of the filter, and s = iw,

with i =+/—1, and w is the angular frequency of the
applied sine-wave.

The gain of the second-order low-pass filter is simply
the magnitude of Eq. (1), i.e.

IT(@)| = Gol )
J@wi-w?) +@pwro)

A sketch of Eq. (2) is shown in Fig. 1, where the maximum
gain, |T|nmqex, and the frequency at which it occurs, Wy,
are clearly identified.
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FIGURE 1. Magnitude response (gain) |T(w)| of a second-order
low-pass filter.

B. High-Pass Filter

The transfer function of a second-order high-pass filter is
given by

a,s?
52+(wp/Q)s+(uf,'

T(s) = ®)

The gain of the second-order high-pass filter is the
magnitude of Eq. (3), i.e.

IT(w)] = —2l (4)
J @02 +(wpor0)

A sketch of Eq. (4) is shown in Fig. 2, where the maximum
gain, |T|max, and the frequency at which it occurs, Wy,
are clearly identified.
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FIGURE 2. Magnitude response (gain) |T(w)| of a second-order
high-pass filter.

C. Band-Pass Filter

The transfer function of a second-order band-pass filter is
given by
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T(s) = o (5)

s2+(wp/Q)s+wd’

The gain of the second-order band-pass filter is the
magnitude of Eq. (5), i.e.

IT(w)] = Sle (6)
\/(m%—mz) +(wpw/Q)

A sketch of Eq. (6) is shown in Fig. 3, where the maximum
gain, |T|max, and the frequency at which it occurs, w, g, =
wy, are clearly identified.
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FIGURE 3. Magnitude response (gain) |T(w)| of a second-order
band-pass filter.
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D. Low-Pass Notch and High-Pass Notch Filters

The transfer function of a second-order low-pass notch
filter and the transfer function of a second order high-pass
notch filter are identical and are given by

_ ap(s*+wd)
T(s) = s2+(wp/Q)s+wd’ ™)
Note that w, > w,, for the low-pass notch filter, whereas for
the high-pass filter, w, > w,.
Using Eq. (7), the gain is easily found to be

IT ()] = —2zlle® ] ®)

(wf,—wz)2+(wpw/Q)2

A sketch of Eq. (8) is shown in Fig. 4 for the low-pass
notch filter and in Fig. 5 for the high-pass notch filter.
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FIGURE 4. Magnitude response (gain) |T(w)| of a second-order
low-pass notch filter.
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FIGURE 5. Magnitude response (gain) |T(w)| of a second-order
high-pass notch filter.

111. DETERMINING THE MAXIMUM GAIN OF
SELECTED SECOND-ORDER FILTERS
WITHOUT USING CALCULUS

Now that the gains of selected second-order filters have
been stated, we can show how the maximum gain can be
determined without using calculus. To accomplish this, we
show in the appendices that, for all filters discussed here,
the square of the gain can be written as a positive constant
divided by a quadratic function of frequency, as given in

Eq. (9):

IT(@)I? = 5— ©)

u2+B’

where A, B are positive constants and u is a function of
angular frequency w.

Hence, to maximize the gain with respect to frequency;,
we simply minimize the denominator, i.e., we set u = 0.
Therefore, the maximum gain is given by

T @)hnas = 4 (10)

A. Low-Pass Filter
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The square of the gain of the second-order low-pass filter,
as shown in Appendix A, can be rewritten as Eq. (9) with

A =d3, uzwz—(l—i)wﬁ and

2
1 4 _ 1 1 4
(1 —E) (,Up = E(l —E)(Dp.
As explained above, Eq. (9) is a maximum when its
denominator is minimum, i.e., when u=0= w2, —

(1-3¢)
Hence,

— 4
B = w,

1
Omax = |1 — 207 ¥r- (11)

Additionally, the maximum gain is given by Eq. (10), i.e.,

lao| lag|Q
T | max = ; == . T 12)
w 1——>
14 4Q?

Fortunately, Eq. (11) and Eg. (12) are the same as those
derived with calculus.

B. High-Pass Filter

As shown in Appendix B, the square of the gain of the
second-order high-pass filter can be rewritten as Eq. (9)
with

u =(&j —(l—izj and
w 2Q
le—(l—izj .
2Q

Recall that Eq. (9) is a maximum when its denominator

o o, Y 1
is minimum, i.e., when u = -|1-— |=0.
Oy 2Q

Hence,

— 2
A = a3,

1-— (13)

Wmax = “’p/ 207

Additionally, the maximum gain is given by Eq. (10), i.e.,
as is also shown in Appendix B,

laz| laz|Q
IT | max = 129 == — (14)
1752

Fortunately, Eq. (13) and Eg. (14) are the same as those
derived with calculus.

C. Band-Pass Filter

Similarly, as shown in Appendix C, the square of the gain

of the second-order band-pass filter can be rewritten as Eq.
2 2 2

i — A2 _C()p
Q) withd =af, u=—
[0

(9) is a maximum when its

,
and B = Q—g
Furthermore, Eq.
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P -
— @y = 0.

denominator is minimum, i.e., when u =

),

max

Hence,
Wpax = Wp. (15)
Additionally, the maximum gain is given by Eq. (10), i.e.,

laa] _ lasl@
IThnax = 75 = 5.~ (16)

Fortunately, Eq. (15) and Eq. (16) are the same as those
derived with calculus.

D. Low-Pass Notch and High-Pass Notch Filters

The square of the gain of the second-order low-pass notch
and high-pass notch filter, as shown in Appendix D, can be

rewritten as Eq. (9) with A = a3, u:@+i,where
y <D
2
1 2k ]
C=1-k-—, D=(1-k) +—, y=k—-| — | ,
Lo omkebei(2)

(0]
2 2
k:{&J , and B=1—C—.
o, D

p
Recall that Eq. (9) is a maximum when its denominator

is minimum, i.e., when y :LJFLZO_
[a, j JD
K —| Hmax
a)P

Hence, as shown in Appendix D,

(2]

max = @ 5 . an
& +i_1
\ [a)pJ 20Q°?

Additionally, the maximum gain is given by Eg. (10), i.e.,
as is also shown in Appendix D,

T (@) =]a|Q 1 . (18)

Fortunately, Eq. (17) and Eq. (18) are the same as those
derived with calculus.
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IV. CONCLUSIONS

We have shown that the square of the magnitude response
(gain) of the low-pass, high-pass, band-pass, low-pass
notch and high-pass notch filters can be written as a
positive constant divided by a quadratic function of
frequency, as given in Eq. (9). Using this fact, we have
shown how the maximum gain of these filters can be found
without calculus, which should be of benefit to the pre-
calculus student.

REFERENCES

[1] Rahal, M.,
http://faculty.uoh.edu.sa/m.rahal2/Files1/EE303 Topic6_R
ahal.pdf, accessed on 31 March (2012).

[2] Lutovac, M. D., Tosac, D. J. and Evans, B. L., Filter
Design using MATLAB and Mathematica, (Prentice-Hall,
New Jersey, 2001).

APPENDIX A

In this appendix, we show that the square of the gain of the
second-order low-pass filter is given by Eq. (9), and the
maximum gain is given by Eq. (12).

Recall that the gain of a second order low-pass filter is
given by Eqg. (2). Expanding the brackets of this equation
produces

3|

[T(@)] =

2
Jco,f -20,0" + 0" +—F
Q

(A1)

Completing the square of the quadratic in Eq. (A1) gives

\/[coz —(1—12}0 2] +of —[1—1j o’
2Q p p 2Q2 p

2
2(122}0”2 and B=o,* —(1—2—(192J w,’,
so that Eq. (A2) becomes:

(A2)

Let u=w? —(1—

(@) = 2!

(A3)
u’+B

Squaring Eq. (A3) produces Eq. (9), as required.
http://www.lajpe.org


http://faculty.uoh.edu.sa/m.rahal2/Files1/EE303_Topic6_Rahal.pdf
http://faculty.uoh.edu.sa/m.rahal2/Files1/EE303_Topic6_Rahal.pdf

Finding the maximum magnitude response (gain) of second-order filters without calculus

As argued earlier, the maximum gain is given by Eq.
(10). Hence,

1 1 1
@p Q? - 4Q? (A4)

Clearly, Eq. (A4) is the same as Eq. (12), as required.

APPENDIX B

In this appendix, we show that the square of the gain of the
second-order high-pass filter is given by Eq. (9), and the
maximum gain is given by Eq. (14).

Recall that the gain of a second order high-pass filter is
given by Eq. (4). Expanding the brackets of this equation
produces

[T(@)| =

(B1)

Dividing the numerator and denominator of (B1) by o°
gives
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Completing the square in the denominator of Eq. (B2) gives

[T(@)] =

T ()| = 2 2 : . (B3)
12 ) )
w 20 20

Hence, Eq. (B3) can be rewritten as

2|

x/u2+B’

T (@)=

(B4)

2 2
where u = D 1—% and B=1- 1—% .
10) 2Q 2Q

Squaring Eq. (B4) gives Eq. (9).
As determined earlier, the maximum gain is given by
Eq. (10). Hence,

3|
T _ 1%l
(o), =12
_ la,|
Fia]
Q" 4Q
la,| la.,|Q

(BS)

Clearly, Eq. (B5) is the same as Eq. (14), as required.

APPENDIX C

In this appendix we show that the square of the gain of the
second-order band-pass filter is given by Eq. (9) and the
maximum gain is given by Eq. (16).

Recall that the gain of a second order band-pass filter is
given by Eq. (6). Dividing its numerator and denominator
by w gives
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IT(@)] = 22— (&
(225) +(3)
Clearly, Eq. (C1) can be written as
_ laq|
IT(@)] =2, (C2)
w2 —w? m 2
if u= ”w and B = (7”) . Squaring Eq. (C2) produces
Eqg. (9).

As mentioned earlier, the maximum gain is given by Eq.
(10). Hence,

al la] [a]Q
|T (w)|max :l_ :_2 =
V8 % @ (C3)

APPENDIX D

In this appendix, we show that the square of the gain of the
second-order low-pass notch and high-pass notch filters is
given by Eq. (9). Furthermore, we show that the frequency
at which the maximum gain occurs is given by Eq. (17) and
the maximum gain itself is given by Eq. (18).

Recall that the gain for this filter is given by Eq. (8).
Squaring this gives:

[0 -]
(02 -07) o[ ]

Diving the numerator and denominator of (D1) by a)p4 and

T(w) = (D1)

simplifying gives:

T(@) = ™
RGIRGL0)
1-| — +H— | | =
a)P wp Q
Let k:{—z] andyzk—[ﬂj Hence,
P (Op
(ﬂJ =k-y (D3)
a)P

Placing (D3) into (D2) and simplifying gives:
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2/ y?
o = — =y
(I-k+y) +—
_ el y?
yz+2[1—k]y+(1—k)2+§—Q—y2
2 2, y?

‘T(w)‘ B 2 1 2 k-
y +2{1—k—2Qz}y+(l—k) +&

(D4)
Equation (D4) can be rewritten as
2 2y’
Tl =—=— (B5)
1+2C=+D—
y y
1 >k
where C =1-k-—— and D =(1-k) +—;.
2Q Q
However, by completion of squares, Eq. (D5) becomes
2 |""2|2
T(o) = > . (D6)
JD c C?
—t = +1-—
y D D
Hence, Eq. (D6) is indeed equal to Eq. (9) if u :@Jri,
y D
2
and B :1—C—.
D
. . . . VD
Recall that Eq. (D6) is a maximum if = 0,i.e., +
c b Ymax
5= 0. Hence, ynax = —, Or
(D7)
(D8)

Simplifying Eq. (D8) gives:
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2
k(l—k— 12j+(1—k)2+k2 T(o) = 2| .
B 2Q Q max 1
a)max - a)p 1 1—k ~A~2
1-k—>os . 2Q (D11)
0 (1_k)2+§
k—k?—— +1-2k+k*+—
Orax = Wp L L Equation (D11) can be rewritten as
_ _27Q2 2
|T (w)|fnax = i 2
Lk + & 1kt
QZ 2Q2
1-K) +—
2
Multiplying the numerator and denominator inside the - |a2| )
radical of Eq. (D9) by —1 gives k 1-k 1
.k (D12)
(1-k) + 5
B = O, Q
Hence, Eq. (D12) becomes
Hence,
k
2 N (CENRR
@ [1_1}_1 (o) = :
2 mex 1 1
o, 2Q il
Oy = a)p 2 . (DlO) QZ 4Q2
V (m} L1 (D13)
w | 2Q°
p

. o Taking the square root of Eqg. (D13) gives Eq. (18).
The reader should recognize Eq. (D10) as Eq. (17), which is

what we wanted to show.
Now recall that the maximum gain is given by Eq. (10).
Squaring this gives
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