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Abstract 
Construction exactly solvable power law and non-power law potential in one arrangement, within the framework of 
Green’s functions technique. We have applied Extended transformation method to generate a set of exactly solved 
quantum system in any chosen dimensional spaces. The bound state and scattering state solution of the Green’s 
functions equation of the generated quantum system are reported. The new quantum systems are in general, energy 
dependent with a single normalized eigenfunctions. A method has been devised to convert a subset of the generated 
quantum systems with energy dependent potential to a single normal system with an energy independent potential. As 
the non-polynomial (parent) potential is a combination of power law and non-power law potentials, the power law part 
generates a potential quantitatively similar to the Coulomb+Screened Coulomb potential and the generated potential 
from the non-power law part identified as Shifted harmonic Oscillator. 
 
Keywords: Schrodinger Green’s function equation, Extended transformation method, non-polynomial potential, 
Screened Coulomb potential, Shifted Harmonic Oscillator potential. 
 

 
Resumen 

En el marco de la técnica de las funciones de Green, se puede hacer la construcción de un potencial polinomial y no 
polinomial en un arreglo. Hemos aplicado el método de transformación extendido para generar un conjunto de sistema 
cuántico resuelto exactamente en cualesquier espacios tridimensionales escogidos. Las soluciones generadas de la 
función de Green del estado base y del dispersado de la ecuación de estado del sistema cuántico son reportadas. Los 
nuevos sistemas cuánticos son, en general, son dependientes de la energía con funciones propias normalizadas 
sencillas. Se ha diseñado un método para convertir un subconjunto de los sistemas cuánticos generado con un potencial 
dependiente de la energía a un sistema normal sencillo, con un potencial independiente de la energía. Ya que el 
potencial no polinómico (padre) es una combinación de potenciales polinómico y no polinómico, la parte polinómica 
genera un potencial cuantitativamente similar al del potencial de Coulomb +apantallado y el potencial generado por la 
parte no polinómica es identificado como oscilador armónico modificado 
 
Palabras clave: Ecuación de función de Green, método de transformación extendida, potencial no polinómico, 
potencial de Coulomb apantallado, potencial modificado del Oscilador Armónico. 
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I. INTRODUCTION 
 
Exact analytic solution (EAS) of Schrodinger equation for a 
given physical quantum system (QS) is desirable as it 
conveys maximum information of the system. Considerable 
effort has been made in recent years towards obtaining the 
EASs of the Schrodinger equation for certain power law 
and non-power law potentials of physical interest in lower 
dimensional spaces [1, 2, 3, 4, 5, 6]. These EASs serve as 
benchmark for testing the accuracy of other non-
perturbative methods. Success in one and three dimensional 
EAS, can be termed as only a few states can be found 
analytically. In this succinct report we present a 

transformation method within the frame work of Green’s 
function (GF) technique [7, 8, 9]. The transformation 
method is called the Extended transformation (ET), that 
includes a coordinate transformation (CT) and a functional 
transformation (FT). As shown in the paper [10, 11] the 
dimension of the (Euclidean) space into which the 
transformed system gets transported to, in the case of 
power law potentials can be arbitrarily pre-assigned, only 
CT is enough to get standard Schrodinger GF equation 
form. On the other hand, application of CT alone on the 
non-power law potentials, we cannot get standard 
Schrodinger GF equation form. It is therefore imperative to 
apply ET in case of non-power law potentials. 
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In this paper we apply ET method to exactly solved 3-
dimensional quantum mechanical problem with central 
non-polynomial potential of Bose [12] 

 
                           ஺ܸሺݎሻ ൌ ଶݎ ൅ ఒ௥మ

ଵାఙ௥మ  ,                               ሺ1ሻ  
 
 are the parameter of the potential. Which is a two ߪ and ߣ
term potential, first term specifies a power law potential 
and the second term as a typical representative of non-
power law potential. ET method is applied by selecting the 
working potential (WP) differently from multiterm 
potential to generates a spectrum of different solved 
quantum system, each equipped with normalized exact 
analytic solution and associated energy eigenvalue, in D 
dimensional spaces. The selection of WP can be made 
2௤ െ 1 different ways when the original quantum system is 
a ݍ-term potential. In fact, we have a number of choices to 
select the WP and the least being a single term. A very 
useful property of the ET method is that the wave functions 
of the generated QSs are almost always normalizable. 

In the present paper, our main objective is to generate 
solvable potentials and to show their hierachal connections, 
since exactly solvable potentials facilitate physical 
applicability’s. A major complication arises that, the 
generated QSs are almost always sturmian type. We discuss 
a procedure to regroup this set of energy-dependent 
sturmian QS to normal QS. The normal QS, called B-
quantum system (B-QS) is found to be similar potential of 
Screened Coulomb potential (when we take ݎଶ as working 
potential (WP)) and the non-power law part will generate 
C-QS, which is identified as the Shifted Harmonic 
oscillator potential. 

The GF equation for the Central non polynomial 
potential ஺ܸሺݎሻ, henceforth called the A-system in ܦ஺-
dimensional Euclidean space is ሺ԰ ൌ 1 ൌ 2݉ሻ 

 

         ቈ ௥߲
ଶ ൅ ஺ܧ െ ቆݎଶ ൅

ଶݎߣ

1 ൅ ଶቇݎߪ

െ
݈஺ሺ݈஺ ൅ 1ሻ

ଶݎ ቉ ,ݎ௟ಲሺܩ ,଴ݎ ,஺ܧ ஺ܸሺݎሻ, ஺ሻܥ

ൌ
ݎሺߜ െ ଴ሻݎ

଴ݎ
஽ಲିଵ  .                                           ሺ2ሻ 

 
Where the GF ܩ௟ಲሺݎ, ,଴ݎ ,஺ܧ ஺ܸሺݎሻ,  ஺ are knownܧ ஺ሻ andܥ
for the given ஺ܸሺݎሻ. 

The completeness of the set of energy eigenfunctions 
allows us to have eigenfunction expansion of GF is 

 
,ݎ௟ಲሺܩ             ,଴ݎ ௡ܧ

஺, ஺ܸሺݎሻ, ஺ሻܥ      

ൌ ෍
߮௟ಲ

ሺ௡ሻሺݎሻ ௟߮ಲ
଴ሻݎሺ௡ሻሺכ

ܧ െ ௡ܧ
஺ െ ݅߳

∞

௡ୀ଴

 .                       ሺ3ሻ 

 
The energy eigenfunctions are  
 
           ߮௟ಲሺݎሻ ൌ ሺܽ଴ ൅ ܽଵݎ

൅ ܽଶݎଶ … … … ܽ௠ݎ௠ሻݎ௟ಲ݁ିଵ
ଶ௥మ

.            ሺ4ሻ 

 
Energy eigenvalues are  
 

஺ܧ                    ൌ
ߣ
ߪ ൅ 4݉ ൅ 2݈஺ ൅ 3.                        ሺ5ሻ 

 
 
II. CONSTRUCTION OF EAS FOR POWER 
LAW POTENTIAL 
 
Now we are applying ET to equation (2) which comprises 
of ݎ ՜ ݃஻ሺݎሻ, ଴ݎ ՜ ݃஻ሺݎ଴ሻ and  
 
௟ಳܩ 

ሺݎ, ,଴ݎ ேܧ
஻, ஻ܸሺݎሻ, ஻ሻܥ

ൌ ஻݂
ିଵሺݎሻܩ௟ಲ൫݃஻ሺݎሻ, ݃஻ሺݎ଴ሻ, ݃஻

ᇱଶܧ௡
஺, ݃஻

ᇱଶ
஺ܸ൫݃஻ሺݎሻ൯, ஺൯ܥ ஻݂

ିଵሺݎ଴ሻ.  
                                                                                          (6) 
 
Leads to the following equation: 
 

൦ ௥߲
ଶ ൅

஻ܦ െ 1
ݎ ௥߲ ൅ ݃஻

ᇱଶ ൞ܧ஺ െ ݃஻
ଶ െ

஻݃ߣ
ଶ

1 ൅ ஻݃ߪ
ଶ െ

ቀ݈஺ ൅ 1
2ቁ

ଶ

݃஻
ଶ

െ
1

4݃஻
ଶሺݎሻ

ቑ ൅
1
2

ሼ݃஻, ሽݎ

൅
஻ܦ െ 1

2
஻ܦ െ 3

2
1
ଶ൪ݎ ௟ಳܩ

ሺݎ, ,଴ݎ ,஻ܧ ஻ܸሺݎሻ, ஻ሻܥ

ൌ
ݎሺߜ െ ଴ሻݎ

଴ݎ
஽ಳିଵ  ,              

                                                                                        (7) 
 
where ݃஻ሺݎሻ and ݃஻ሺݎ଴ሻ are the transformation function, 
which are at least three times differentiable function and 

஻݂ሺݎሻ and ஻݂ሺݎ଴ሻ are modulated amplitudes. The dimension 
Euclidean spaces of the transformed quantum system, 
henceforth called the B-quantum system( B-QS) can be 
chosen arbitrarily, let it be denoted by ܦ஻. Then 
ௗ

ௗ௥
݈݊ ௙ಳ

మሺ௥ሻ௚ಳ
ವಲషభሺ௥ሻ

௚ಳ
ᇲ ሺ௥ሻ

ൌ ஽ಳିଵ
௥

 , which fixes ஻݂ሺݎሻ as a function 

of ݃஻ሺݎሻ and its derivative, 
 

                 ஻݂
ିଵሺݎሻ ൌ ݃஻

′ିଵ
ଶ݃஻

஽ಲିଵሺݎሻିݎቀ஽ಳିଵ
ଶ ቁ,              ሺ8ሻ 

 

ሼ݃஻, ሽݎ ൌ ௚ಳ
ᇶ

௚ಳ
ᇲ െ ଷ

ଶ
൬௚ಳ

ᇴ

௚ಳ
ᇲ ൰

ଶ
 is the Schwartzian derivative 

symbol in equation (7) and the quantities ଵ
ଶ

ሼ݃஻, ሽݎ െ
஽ಳିଵ

ଶ
஽ಳିଷ

ଶ
ଵ

௥మ ൅ ቀ݈஺ ൅ ଵ
ଶ
ቁ

ଶ ௚ಳ
ᇲమ

௚ಳ
మ  , give the correct form of the 

centrifugal barrier term in ܦ஻ dimensional space 
௟ಳሺ௟ಳା஽ಳିଶሻ

௥మ  (Louk, 1960) [13], whenever ஺ܸሺݎሻ is of power 
law type. 

In order to reduce equation (7) to the standard 
Schrodinger GF equation form the following ansatz have to 
be made, which are an integral part of the transformation 
method: 
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                    ݃஻

ᇱଶ
஺ܸ൫݃஻ሺݎሻ൯ ൌ െܧே,

஻                             ሺ9ሻ 
The ஺ܸ൫݃஻ሺݎሻ൯, in equation (9) is termed as the working 
potential (WP) which specifies the transformation function 
݃஻ሺݎሻ. The A-QS potential is a two term potential and we 
have three ሺ2ଶ െ 1ሻ choices to select the WP. The other 
ansatzes are  
 

                    ݃஻
ᇱଶሺݎሻܧ௡

஺ ൌ െ ஻ܸ
ሺଵሻሺݎሻ ,                              ሺ10ሻ 

 
        ݃஻

ᇱଶሺݎሻ ቀ ஺ܸ൫݃஻ሺݎሻ൯ െ ஺ܸ
ሺ௪ሻሺݎሻቁ ൌ ஻ܸ

ሺଶሻሺݎሻ.         ሺ11ሻ 
 
Where the B-QS potential ஻ܸሺݎሻ ൌ ஻ܸ

ሺଵሻሺݎሻ ൅ ஻ܸ
ሺଶሻሺݎሻ   . 

And 
 

               
 ݃஻

ᇱଶሺݎሻ ቀ݈஺ ൅ ஺ܦ
2 െ 1ቁ

ଶ

݃஻
ଶ ൌ

ቀ݈஻ ൅ ஻ܦ
2 െ 1ቁ

ଶ

ଶݎ .     ሺ12ሻ 

 
Now we find different exact analytic solution from 
equation (4) by setting ݉ ൌ 0,1,2 … ..  

For ൌ 0  ߮௟ಲሺݎሻ ൌ ܽ଴ݎ௟ಲ݁ିభ
మ௥మ

஺ܧ , ൌ ఒ
ఙ

൅ 2݈஺ ൅ 3 and 
constraint equation for the parameters of the potential is 
ఒ
ఙ

ൌ 0. After ET it will generate Coulomb QS. 

For ݉ ൌ ஺ܧ ,1 ൌ ఒ
ఙ

൅ 2݈஺ ൅ 7, constraint equation for 
the parameters and angular momentum quantum number ݈஺ 
is 

 

൬
ߣ
ߪ ൅ 4൰ ൜

ߣ
ߪ ൅ ሺ2݈஺ߪ2 ൅ 3ሻൠ െ ሺ2݈஺ߪ8 ൅ 3ሻ ൌ 0 , ሺ13ሻ 

 
and exact eigenfunctions is given by equation (4) as 
 ߮௟ಲሺݎሻ ൌ ሺܽ଴൅ܽଵݎ௟ಲሻ݁ିభ

మ௥మ
  

Selecting ݃஻
ଶሺݎሻ as the WP from equation (1) and 

utilizing the ansatze with a simple integration yields:  
 

                   ݃஻ሺݎሻ ൌ േ√2ݎሺെܧ஻ሻଵ/ସ ൅  ሺ14ሻ                    .ܥ
 
The integration constant ܥ is put equal to zero, which 
attribute the local property ݃஻ሺ0ሻ ൌ 0 which also attribute 
asymptotic property ݃஻ሺ∞ሻ ൌ ∞ and we are consider the 
positive sign in equation (11). Utilizing the ansatz (10), 
with equation (14) will give 
 

                 ஻ܸ
ሺଵሻሺݎሻ ൌ

1
2

ሺെܧ஺ሻሺെܧ஻ሻଵ/ଶ 1
ݎ ൌ

஻ܥ
ଶ

ݎ   ,       ሺ15ሻ 
 
 .஻ is the characteristic constant of B-QSܥ 
 

஻ܥ             
ଶ ൌ ଵ

ଶ
ሺെܧ஺ሻሺെܧ஻ሻଵ/ଶ ൌ ܲ ሺݕܽݏሻ,                  ሺ16ሻ  

 
which will give the energy eigenvalue of B-QS. From 
equation (11) 
 

                      ஻ܸ
ሺଶሻሺݎሻ ൌ

ܳ
1 ൅ ݎ2ܴ  .                      ሺ17ሻ 

The multi-term potential of the B-Sturmian quantum 
system (B-SQS), given by equation (15) and (17) becomes 
 

                   ஻ܸሺݎሻ ൌ
ܲ
ݎ ൅

ܳ
1 ൅ ݎ2ܴ  .                      ሺ18ሻ 

 
Where ܳ ൌ െܧߣ஻ and ܴ ൌ  ஻ሻଵ/ଶ. The potential is aܧሺെߪ
Sturmian potential as ܳ and ܴ are n dependent. To make 
normal QS we require ܳ and ܴ as ݊ independent constants. 
These will be achieved only if ߣ ՜ ߪ ௡ andߣ ՜  ௡ suchߪ
that ߣ௡ ൌ െ ொ

ாಳ  and ߪ௡ ൌ ܴሺെܧ஻ሻିଵ/ଶ .The generated B-
QS potential is identified as combination of Coulomb and 
Screened Coulomb potential.  The relation between 
angular momentum quantum number ݈஺ in A-QS and ݈஻ in 
B-QS is given by equation (12), by equation (14) it can be 
reduce to 
 

                  2݈஺ ൌ 4݈஻ ൅ ஻ܦ2 െ 5 .                   ሺ19ሻ 
 
The parameters and angular momentum quantum number 
of B-QS are connected by the constraint equation as: 
 

             
ܳଶ

ܴଶ ൅ 4ܳሺ2݈஻ ൅ ஻ܦ െ 1ሻ െ
4ܳ
ܴ

ሺെܧ஻ሻଵ/ଶ ൌ 0.  ሺ20ሻ 
 
Energy eigenvalues of B-QS are given by equation (15) as 
 

஻ܧ                      ൌ െ ൤െ
ܳ

4ܴ ൅ ܴሺ2݈஻ ൅ ஻ܦ െ 1ሻ൨
ଶ

.        ሺ21ሻ 
 
Thus the transformed B-QS radial GF equation in ܦ஻ 
dimensional Euclidean space is 
 

 ቈ ௥߲
ଶ ൅

஻ܦ െ 1
ݎ ௥߲ ൅ ஻ܧ െ ൬

ܲ
ݎ ൅

ܳ
1 ൅ ൰ݎ2ܴ

െ
݈஻ሺ݈஻ ൅ ஻ܦ െ 2ሻ

ଶݎ
൨ ,ݎ௟ಳሺܩ ,଴ݎ ,஻ܧ ஻ܸሺݎሻ, ஻ሻܥ  ൌ

ݎሺߜ െ ଴ሻݎ
଴ݎ

஽ಳିଵ  .  

(22) 
 
Utilizing equation (3) and (6) one obtain the eigenfunctions 
expansion in terms of GF of B-QS as 
 
௟ಳܩ

ሺݎ, ,଴ݎ ,஻ܧ ஻ܸሺݎሻ, ஻ሻܥ

ൌ ෍
௟ಳሺ1ݎ ൅ ଴ݎሿݎ஻ሻଵ/ଶܧሾെሺെ݌ݔሻ݁ݎ2ܴ

௟ಳሺ1 ൅ ଴ሿݎ஻ሻଵ/ଶܧሾെሺെ݌ݔ଴ሻ݁ݎ2ܴ

ܧ ൅ ቂെ ܳ
4ܴ ൅ ܴሺ2݈஻ ൅ ஻ܦ െ 1ሻቃ

ଶ
െ ݅߳

∞

ேୀ଴

  

                                                                                       (23) 
 
The eigenfunctions can be read off from equation (23) as: 
 

   ߮௟ಳሺݎሻ ൌ ஻ܰݎ௟ಳሺ1 ൅  ൧.        ሺ24ሻݎ஻ሻଵ/ଶܧെሺെൣ݌ݔሻ݁ݎ2ܴ
 
The 2-D view of the potential, energy eigenvalues and 
eigenfunctions of B-QS are given in Fig.1. 
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FIGURE. 1. Continuous curves are for ஻ܸሺݎሻ ൌ െ ଼.ହ

௥
൅ ଵ

ଵିଶ௥
 , 

  ߮௟ಳ
ሺݎሻ ൌ ሺ1ݎ െ ஻ܧ ሿ andݎሾ1.5݌ݔሻ݁ݎ2 ൌ െ3.06. The parameter 

sets areܲ ൌ െ8.5, ܳ ൌ 1, ܴ ൌ െ1, and ݈஻ ൌ 1. 
 
In order to find scattering states we are consider ݎ to be so 
large that ஻ܸሺݎሻ and ݈஻ term in equation (22) can be 
neglected and write the analogue of equation (23) as: 
 

,ݎ஻ሺܩ   ,଴ݎ ݇ଶ, ஻ܸሺݎሻ, ஻ሻܥ

ൌ න
ܧ݀

ܧ െ ݇ଶ െ ݅߳ ሺ1ݎ
ஶ

଴
൅ ଴ሺ1ݎሿݎሾെ݅݇݌ݔሻ݁ݎ2ܴ
൅ .଴ሿݎሾെ݅݇݌ݔ଴ሻ݁ݎ2ܴ               ሺ25ሻ 

 
Using symbolic identity  lim

௥՜ஶ

ଵ
ሺாି௞మሻേ௜ఢ

ൌ ܲ ଵ
ாି௞మ ט

ܧሺߜߨ݅ െ ݇ଶሻ  we can define imaginary part of 
,ݎ஻ሺܩ  ,଴ݎ ݇ଶ, ஻ܸሺݎሻ,  ஻ሻ and the scattering wavefunction isܥ
read as  
 

                   ߮஻
௦௖௔௧௧ሺݎሻ ൌ ஻ܰݎሺ1 ൅  ሿ .      ሺ26ሻݎሾെ݅݇݌ݔሻ݁ݎ2ܴ

 
 
III. CONSTRUCTION OF EAS FOR NON-
POWER LAW POTENTIAL 
 
Utilizing the power law potentials, for non-power low 
potentials exact solutions are available only for ݏ-wave, 
where ሺ݈ ൌ 0ሻ. The GF equation (2) now becomes  
 

            ቈ߲௥
ଶ ൅ ஺ܧ െ ቆݎଶ ൅

ଶݎߣ
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ൌ
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଴ݎ
஽ಲିଵ                                            ሺ27ሻ 

 
Applying ET on equation (27) we obtain 
 

ቈ ௥߲
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ൌ
ݎሺߜ െ ଴ሻݎ

଴ݎ
஽಴ିଵ  .                                                                     ሺ28ሻ 

The final form of the GF equation of the C-quantum system 
(C-QS) establish in Euclidean space of the chosen 
dimension ܦ஼ ݅ݏ 
 

             ൤߲௥
ଶ ൅

஼ܦ െ 1
ݎ ௥߲

൅ ஼െܧ ஼ܸሺݎሻ൨ ,ݎ௟಴ሺܩ ,଴ݎ ,஼ܧ ஼ܸሺݎሻ, ஼ሻܥ  

ൌ
ݎሺߜ െ ଴ሻݎ

଴ݎ
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where C-QS potential 
 

                     ஼ܸሺݎሻ ൌ ஼ܸ
ሺଵሻሺݎሻ ൅ ஼ܸ

ሺଶሻሺݎሻ ൅ ஼ܸ
ሺଷሻሺݎሻ.     ሺ30ሻ 

 
Next we select ఒ௚಴

మ

ଵାఙ௚಴
మ as WP from equation (1) and using 

the ansatz (9) we obtained the transformation function 
 

                   ݃஼ሺݎሻ ൌ േߟଵ/ଶඥߦ௡ݎଶ ൅  ሺ31ሻ                .   ݎ2
 
The integration constant ܥ ൌ ଵ

ఙ
 
implies that ݃஼ሺݎሻ has the 

desired local property of ݃஼ሺ0ሻ ൌ 0, which will attribute 
asymptotic property  ݃஼ሺ∞ሻ ൌ ∞ and we are consider the 

positive sign. In equation (31) ߟ ൌ ටିா಴
ఒ

 and ߟߪ ൌ  .௡ߦ

Leads to equation (10) with equation (31) yields 
 

                        ஼ܸ
ሺଵሻሺݎሻ ൌ ஼ܥ

ଶ ሺߦ௡ݎ ൅ 1ሻଶ

ሺߦ௡ݎଶ ൅  ሻ  ,             ሺ32ሻݎ2

 
஼ܥ ஼ is the characteristic constant, whereܥ

ଶ ൌ  ,஻ሻܧሺെߟ
further which will give the energy eigenvalues of c-exactly 
solvable quantum system (C-QS). 

Using equation (11,31) we obtain  
 

                      ஼ܸ
ሺଶሻሺݎሻ ൌ ݎ௡ߦଶሺߟ ൅ 1ሻଶ,                    ሺ33ሻ 

 
and 
 

          ஼ܸ
ሺଷሻሺݎሻ ൌ ݏሺݏ ൅ 1ሻ ௚಴

ᇲమ

௚಴
మ െ ଵ

ଶ
ሼ݃஼, ሽݎ െ ஽಴ିଵ

ଶ
஽಴ିଷ

ଶ
ଵ

௥మ 

 ሺܦ஺ ൌ 3ሻ,    ሺ34ሻ 
 
where ݈஺ ൌ -The multi-term potential of C .(wave ݏ for) ݏ
QS given by equation (30) becomes: 
 

    ஼ܸሺݎሻ ൌ ஼ܥ
ଶ ሺߦ௡ݎ ൅ 1ሻଶ

ሺߦ௡ݎଶ ൅ ሻݎ2 ൅ ݎ௡ߦଶሺߟ ൅ 1ሻଶ

െ ൜ݏሺݏ ൅ 1ሻ െ
3
4ൠ

ሺߦ௡ݎ ൅ 1ሻଶ

ሺߦ௡ݎଶ ൅    ሻଶݎ2

                                                ൅
3
4

௡ߦ
ଶ

ሺߦ௡ݎ ൅ 1ሻଶ

െ
஼ܦ െ 1

2
஼ܦ െ 3

2
1
ଶݎ .                       ሺ35ሻ 

 
The energy eigenvalues of ஼ܸሺݎሻ is  
 

஼ܧ                      ൌ െ
஼ܥߟ

ସ

ߣ
ߪ ൅ ݏ2 ൅ 7

 .                      ሺ36ሻ 
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The presence of ߟ and ߦ௡ in ஼ܸሺݎሻ make it Sturmian 
potential. To make it a normal/physical potential we have 
to make ߟ and ߦ௡, ݊ independent which will make λ, ݊ -
dependent (equation (1)). Fortunately the combination 
 ሻݎwill be ݊-independent. Consequently the potential ஼ܸሺߟߪ
becomes a normal potential by ߦ௡ ՜   In normal QS .ߦ
 

    ஼ܸሺݎሻ ൌ ஼ܥ
ଶ ሺݎߦ ൅ 1ሻଶ

ሺݎߦଶ ൅ ሻݎ2 ൅ ݎߦଶሺߟ ൅ 1ሻଶ

െ ൜ݏሺݏ ൅ 1ሻ െ
3
4ൠ

ሺݎߦ ൅ 1ሻଶ

ሺݎߦଶ ൅    ሻଶݎ2

                                                 ൅
3
4

௡ߦ
ଶ

ሺݎߦ ൅ 1ሻଶ

െ
஼ܦ െ 1

2
஼ܦ െ 3

2
1
ଶݎ ,                    ሺ37ሻ 

 
C-QS potential is identified as Shifted harmonic Oscillator. 
Energy eigenvalues of normal ஼ܸሺݎሻ is 
 

஼ܧ                      ൌ
ଶߟ

2 ቄߦሺ2s ൅ 7ሻ

൅ ඥߦଶሺ2s ൅ 7ሻ ൅ ௖ܥߦ4
ସൟ .                ሺ38ሻ 

 
Utilizing equation (3) and (6) we obtained the 
eigenfunction expansion of C-QS as: 
 
,ݎ஼ሺܩ        ,଴ݎ ,஼ܧ ஼ܸሺݎሻ, ஼ሻܥ

ൌ ෍
߮௡

ሺ஼ሻሺݎሻ߮௡
ሻݎሺ஼ሻሺכ

ܧ െ ଶߟ

2 ቄߦሺ2s ൅ 7ሻ ൅ ඥߦଶሺ2s ൅ 7ሻ ൅ ௖ܥߦ4
ସቅ െ ݅߳

 .     ሺ39ሻ
ஶ

௡ୀ଴

 

 
From equation (39) the radial wave function is read off, 
which is  
 

߮௡
ሺ஼ሻሺݎሻ  ൌ ஼ܰିݎቀ஽಴ିଵ

ଶ ቁ ሺߦ௡ݎଶ ൅ ሻݎ2
ଵ
ଶቀ௦ାଷ

ଶቁ 

ሺߦ௡ݎ ൅ 1ሻ
ଵ
ଶ

                            

                              ൞1 െ
ቀ ߦ

஼ܧ
െ ቁߟ4 ሺߦ௡ݎଶ ൅ ሻݎ2

2ሺ2ݏ ൅ 3ሻ ൢ ݌ݔ݁ ൜െ
1
2 ଶݎ௡ߦଶሺߟ

൅  ሻଶൠ .                                                      ሺ40ሻݎ2
The 2-D view of the potential, energy eigenvalues and 
eigenfunctions of C-QS are given in Fig. 2. 
 

 
 

ሻݎ૛.  The continuous curves are for ஼ܸሺ ۳܀܃۴۷۵ ൌ ሺସ௥ାଵሻమ

ସ௥మାଶ௥
൅

ሺ4ݎ ൅ 1ሻଶ െ ହ
ସ

ሺସ௥ାଵሻమ

ሺସ௥మାଶ௥ሻమ ൅ ଵଶ
ሺସ௥ାଵሻమ, ߮௡

ሺ஼ሻሺݎሻ ൌ ଵ
ସ

ሺସ௥ାଵሻఱ/ర

ሺସ௥ାଵሻభ/మ ሼ1 െ

0.38ሺ4ݎଶ ൅ ݌ݔሻሽ݁ݎ2 ቄെ ଵ
ଶ

ሺ4ݎଶ ൅ ஼ܧ ሻቅ andݎ2 ൌ 24.3. The 
parameter sets are ܥ஼ ൌ 1, ߦ ൌ 4, ߟ ൌ 1, ݏ ൌ 0. 

 
 
IV. DISCUSSION AND CONCLUSION 
 
In the present paper we have generated a class of exactly 
solved quantum systems in non relativistic quantum 
mechanics using Extended transformation method in any 
arbitrary dimensional Euclidean spaces within the 
framework of GF technique. Here the non-polynomial QS 
(A-system) potential is combination of power law and non-
power law. Application of ET to the potential equation (1) 
choosing ݎଶ (power- law part) as working potential leads to 
the B-QS potential ஻ܸሺݎሻ ൌ ௉

௥
൅ ொ

ଵାଶோ௥,
 it is special 

interested in several areas of atomic and molecular physics. 
The A-QS potential with power-law, always generates the 
QS with a new power law potential. Successive application 
of ET on the generated QS will revert it back to the parent 
QS.  

On the other hand the WP ఒ௥మ

ଵାఙ௥మ is a representative of 
non-power law potential and it leads to the C-QS 
potential ஼ܸሺݎሻ ൌ ஼ܥ

ଶ ሺక௥ାଵሻమ

ሺక௥మାଶ௥ሻ
൅ ݎߦଶሺߟ ൅ 1ሻଶ െ

ቄݏሺݏ ൅ 1ሻ െ ଷ
ସ
ቅ ሺక௥ାଵሻమ

ሺక௥మାଶ௥ሻమ ൅ ଷ
ସ

క೙
మ

ሺక௥ାଵሻమ െ ஽಴ିଵ
ଶ

஽಴ିଷ
ଶ

ଵ
௥మ . In non-

power law cases the transformation function  ݃஼ሺݎሻ is non-
factorizable. This furnishes the special type of energy 
dependent non-power law potential (sturmian). This 
energy-dependent potential, unlike the usual QSs are 
always equipped with only a single normalized state, as 
varying ݊ we do not get exited states, instead we get 
different QSs. Thus ݊ is no longer a quantum number. It 
plays the role of a cardinal number parameter to enumerate 
different QSs. We discuss a method to regroup this set of 
energy-dependent QS to normal QS. The normal C-QS is 
qualitatively similar as Shifted harmonic Oscillator and we 
have not get any scattering states. 

In conclusion we should point out that finding the GF 
for other potentials classes are also possible. The Coulomb, 
Fractional power potential and decemvirate power potential 
doubly enharmonic sextic power potentials are among such 
classes. 
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