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Abstract 
In this paper, we study inextensible flows of binormal Bishop spherical images in Euclidean space E3. Using the type-
2 Bishop frame of the given curve, we present partial differential equations. We give some characterizations for 
curvatures of a curve in Euclidean space E3. 
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Resumen 
En este trabajo se estudian los flujos inextensibles de imágenes binormales esféricas de Obispo en el espacio 
Euclidiano E3. Utilizando el marco de Obispo tipo 2 de la curva dada, se presentan las ecuaciones en derivadas 
parciales. Damos algunas caracterizaciones de curvaturas de una curva en el espacio Euclidiano E3. 
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I. INTRODUCTION 
 
Construction of fluid flows constitutes an active research field 
with a high industrial impact. Corresponding real-world 
measurements in concrete scenarios complement numerical 
results from direct simulations of the Navier-Stokes 
equation, particularly in the case of turbulent flows, and for 
the understanding of the complex spatio-temporal evolution 
of instationary flow phenomena. More and more advanced 
imaging devices (lasers, highspeed cameras, control logic, 
etc.) are currently developed that allow to record fully 
timeresolved image sequences of fluid flows at high 
resolutions. As a consequence, there is a need for advanced 
algorithms for the analysis of such data, to provide the basis 
for a subsequent pattern analysis, and with abundant 
applications across various areas, [7, 8, 10, 11]. 

In this paper, we study binormal Bishop spherical 
images in Euclidean space E3. Using the type-2 Bishop 
frame of the given curve, we present partial differential 
equations. We give some characterizations for curvatures of 
a curve in Euclidean space E3. 
 
 
II. PRELIMINARIES 
 
Assume that { }BN,T,  be the Frenet frame field along α. 
Then, the Frenet frame satisfies the following Frenet-Serret 
equations: 

 ,= NTT κ∇  
 
 ,= BTNT τκ +−∇               (2.1) 
 
 ,= NBT τ−∇  
 

where κ  is the curvature of α and τ its torsion and 
 

( ) ( ) ( ) 1,=1,=1,= BB,NN,TT, ggg  
 

( ) ( ) ( ) 0.=== BN,BT,NT, ggg  
 
The Bishop frame or parallel transport frame is an 
alternative approach to defining a moving frame that is well 
defined even when the curve has vanishing second 
derivative, [1]. The Bishop frame is expressed as  
 

 ,= 2211 MMTT kk +∇  
 
 ,= 11 TMT k−∇                              (2.2) 
 
 ,= 22 TMT k−∇  
 

Where 
 

( ) ( ) ( ) 1,=,1,=,1,= 2211 MMMMTT, ggg  
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( ) ( ) ( ) 0.=,=,=, 2121 MMMTMT ggg  
 
Here, we shall call the set }{ 21 M,MT,  as Bishop trihedra, 

1k  and 2k  as Bishop curvatures and ( )
1

2arctan=
k
ksU , 

( )ss 'U=)(τ  and .=)( 2
2

2
1 kks +κ  

Bishop curvatures are defined by 
 
 ( ),cos)(=1 ssk Uκ  
 
 ( ).sin)(=2 ssk Uκ  

 
Let α  be a unit speed regular curve and (2.1) be its Frenet-
Serret frame. Let us express a relatively parallel adapted 
frame: 

 ,= 11 BΠT ε−∇  
 
 ,= 22 BΠT ε−∇                              (2.3) 
 
 ,= 2211 ΠΠBT εε +∇  

Where 
 

( ) ( ) ( ) 1,=,1,=,1,= 2211 ΠΠΠΠBB, ggg  
 

( ) ( ) ( ) 0.=,=,=, 2121 ΠΠΠBΠB ggg  
 
We shall call this frame as Type-2 Bishop Frame. In order 
to investigate this new frame's relation with Frenet--Serret 
frame, first we write 

 

.= 2
2

2
1 εετ +                               (2.4) 

 
The relation matrix between Frenet-Serret and type-2 
Bishop frames can be expressed 

 
( ) ( ) ,cossin= 21 ΠΠT ss AA −  

 
( ) ( ) ,sincos= 21 ΠΠN ss AA +  

 
B.=B  

 
So by (2.4), we may express 

 
( ),cos=1 sAτε −  

 
( ).sin=2 sAτε −  

 
By this way, we conclude 
 

( ) .arctan=
1

2

ε
εsA  

The frame { }BΠΠ ,, 21  is properly oriented, and τ  and 

( ) ∫
s

s
0

=A  dss)(κ  are polar coordinates for the curve α . 

We shall call the set { }221 ,, ε,εB,ΠΠ 1  as type-2 Bishop 
invariants of the curve α , [17]. 
 
Definition 2.1. Let α  be a regular curve in 3E . If we 
translate of the third vector field of type-2 Bishop frame to 
the center O  of the unit sphere 2S , we obtain a spherical 
image φ . This curve is called binormal Bishop spherical 
image or indicatrix of the curve α , [17]. 
 
 
 
III. INEXTENSIBLE FLOWS OF BINORMAL 
BISHOP SPHERICAL IMAGE ACCORDING TO 
NEW TYPE-2 BISHOP FRAME 
 
Let α(u, t) is a one parameter family of smooth curves in E3.  

The arclength of α is given by 
 

,=)(
0

du
u

us
u

∂
∂

∫
α                                (3.1) 

where 

.,=
2
1

uuu ∂
∂

∂
∂

∂
∂ ααα                             (3.2) 

 
The operator 

s∂
∂  is given in terms of u  by 

,1=
us ∂
∂

∂
∂

ν
 

where =v
u∂

∂α  and the arclength parameter is .= vduds  

Any flow of α  can be represented as{ }BΠΠ ,, 21  
 

,= 32211 BΠΠ bbb ++
∂
∂

t
α                  (3.3) 

 
where ).(,, 3

321 Ebbb ∞∈C  
 

Definition 3.1. ([10]) The flow 
t∂

∂α  in 3E  are said to be 

inextensible if  
 

0.=
ut ∂

∂
∂
∂ α                                (3.4) 

 

Lemma 3.2. Let 
t∂

∂α  be a smooth flow of the curve α  

according to new type-2 Bishop frame .  The flow is 
inextensible if and only if 
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,cos)(=sin)( 23
2

13
1 AbbAbb εε v

u
v

u
+

∂
∂

+
∂
∂         (3.5) 

 
where ).(,, 3

321 Ebbb ∞∈C  
  

Theorem 3.3 
 

,)]cos(cos[= 2213
1

1
1 BΠΠ pAAbbAp +

∂
∂

++
∂
∂

−
∂
∂

sst
ε  

 

B,ΠΠ
4123

2
3

2 sin)sin([= pA]AAbbp +
∂
∂

−+
∂
∂

+
∂
∂

sst
ε  

 

12211
3

5 ]sin)([= ΠB Abbbp εε −−
∂
∂

+
∂
∂

st
 

 ,Π22211
3

6 cos)([ A]bbbp εε −−
∂
∂

−+
s

 

 
where ).(,,,,, 3

654321 Epppppp ∞∈C  
  

Theorem 3.4. 
 

123
2

32
2

2
1

2
2
2

2
1

1

sin)sin(

)[()([=

Π

T

A]]AAbb

p

ss

tt

∂
∂

−+
∂
∂

+
+

+
+∂

∂
∂
∂

ε

εε
ε

εε
εψ

 

 

213
1

12
2

2
1

1
2
2

2
1

2

)]]cos(cos

)[()([

ΠAAbbA

p

ss

t

∂
∂

++
∂
∂

−
+

+
+∂

∂
+

ε

εε
ε

εε
ε

 

 B,)]()([
2
2

2
1

2
42

2
2
1

1
2

εε
ε

εε
ε

+
+

+
+ pp  

 

3
1

2
22

2
2
1

3
1

2

1
22

2
2
1

3
2

))[(
)(

1(

))(
)(

1([=

p
ε
ε

εε
ε

κ

ε
ε

εε
ε

κ

ψ

ψ

ψ

s

stt

∂
∂

+

+
∂
∂

+∂
∂

∂
∂N

 

 

11
3

523
2 ()[1(sin)sin( ε

κ
ε ψ bbpA]AAbb

−
∂
∂

+−
∂
∂

−+
∂
∂

+
sss

 

 

))(
)(

1([]]sin)
1

2
22

2
2
1

3
1

122 ε
ε

εε
ε

κ
ε ψ st ∂

∂
+∂

∂
+− ΠAb  

 

13
1

1
2

1
22

2
2
1

3
2 (cos))[(

)(
1( ε

ε
ε

εε
ε

κψ bbAp +
∂
∂

−
∂
∂

+
+

ss
 

 

22211
3

6 cos)()[1()]cos ΠA]]bbbpAA εε
κψ −−

∂
∂

−−
∂
∂

+
ss

 
 

B,))](
)(

1(

)1())(
)(

1([

1

2
22

2
2
1

3
1

4

2

1
22

2
2
1

3
2

2

ε
ε

εε
ε

κ

κε
ε

εε
ε

κ

ψ

ψψ

s

ts

∂
∂

+

+
∂
∂

−
∂
∂

+
+

p

p
 

 

5
2

1

2
5

2
2

2
1

4
2

1

2

2
5

2
2

2
1

4
1

[)(
)(

1

)(
)(

1[[=

p]

B

ε
ε

εε

ε
κ

ε
ε

εε

ε
κ

ψ

ψ

ψ

s

st

∂
∂

+

−
∂
∂

+
∂
∂

 

 

)1(]sin)(
2
2

2
1

2
2211

3

εε
ε

κ
εε ψ

+∂
∂

−−−
∂
∂

+
ts

Abbb  

 

123
2

32
2

2
1

1 sin)sin()[1( ΠA]]AAbbp
ss ∂

∂
−+

∂
∂

+
+

+ ε
εε

ε
κψ

 
 

)(
)(

1[)1([
1

2

2
5

2
2

2
1

4
1

2
2

2
1

1

ε
ε

εε

ε
κεε

ε
κ ψψ st ∂

∂

+
+

+∂
∂

+  

 

A]bbbp cos)([)(
)(

1
2211

3
6

2

1

2
5

2
2

2
1

4
2 εε

ε
ε

εε

ε
κψ −−

∂
∂

−
∂
∂

+
−

ss
]

 
 

213
1

12
2

2
1

2 )]]cos(cos)[1( ΠAAbbAp
ss ∂

∂
++

∂
∂

−
+

− ε
εε

ε
κψ

 
 

])(
)(

1)(
)(

1[[
2

1

2
5

2
2

2
1

4
2

1

2

2
5

2
2

2
1

4
1

ε
ε

εε

ε
κε

ε

εε

ε
κ ψψ sst ∂

∂

+
−

∂
∂

+
∂
∂

+  

 

B,)]1()1(
2
2

2
1

1
422

2
2
1

2

εε
ε

κεε
ε

κ ψψ
+

+
+

− pp  

 
where 321654321 ,,,,,,,, bbbpppppp  are smooth functions of 
time and arc length. 
 
Proof. Using definition of ψ , we have 
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.)()(= 22
2

2
1

2
12

2
2
1

1 ΠΠT
εε

ε
εε

εψ

+
+

+
 

 
Since 

 

123
2

32
2

2
1

2
2
2

2
1

1

sin)sin(

)[()([=

Π

T

A]]AAbb

p

ss

tt

∂
∂

−+
∂
∂

+
+

+
+∂

∂
∂
∂

ε

εε
ε

εε
εψ

 

 

213
1

12
2

2
1

1
2
2

2
1

2

)]]cos(cos

)[()([

ΠAAbbA

p

ss

t

∂
∂

++
∂
∂

−
+

+
+∂

∂
+

ε

εε
ε

εε
ε

 

 B.)]()([
2
2

2
1

2
42

2
2
1

1
2

εε
ε

εε
ε

+
+

+
+ pp  

 
Using the (2.3) equations, we have 
 

 

.1))(
)(

1(

))(
)(

1(=

2
1

2
22

2
2
1

3
1

1
2

1
22

2
2
1

3
2

BΠ

ΠN

ψψ

ψ
ψ

κε
ε

εε
ε

κ

ε
ε

εε
ε

κ

−
∂
∂

+

+
∂
∂

+

s

s  

 
Then, 
 

3
1

2
22

2
2
1

3
1

2

1
22

2
2
1

3
2

))[(
)(

1(

))(
)(

1([=

p
ε
ε

εε
ε

κ

ε
ε

εε
ε

κ

ψ

ψ

ψ

s

stt

∂
∂

+

+
∂
∂

+∂
∂

∂
∂N

 

11
3

523
2

(

)[1(sin)sin(

ε

κ
ε ψ

bb

pA]AAbb

−
∂
∂

+−
∂
∂

−+
∂
∂

+

s

ss

))(
)(

1([]]sin)
1

2
22

2
2
1

3
1

122 ε
ε

εε
ε

κ
ε ψ st ∂

∂
+∂

∂
+− ΠAb  

13
1

1
2

1
22

2
2
1

3
2 (cos))[(

)(
1( ε

ε
ε

εε
ε

κψ bbAp +
∂
∂

−
∂
∂

+
+

ss
 

 

22211
3

6 cos)()[1()]cos ΠA]]bbbpAA εε
κψ −−

∂
∂

−−
∂
∂

+
ss

 

)1())(
)(

1([
2

1
22

2
2
1

3
2

2 ψψ κε
ε

εε
ε

κ ts ∂
∂

−
∂
∂

+
+ p  

 B.))](
)(

1(
1

2
22

2
2
1

3
1

4 ε
ε

εε
ε

κψ s∂
∂

+
+p  

 

On the other hand, 
 

]B

B

)(
)(

1

)(
)(

1[=

2

1

2
5

2
2

2
1

4
2

1

2

2
5

2
2

2
1

4
1

ε
ε

εε

ε
κ

ε
ε

εε

ε
κ

ψ

ψ
ψ

s

s

∂
∂

+

−
∂
∂

+  

.)1()1( 22
2

2
1

1
12

2
2
1

2 ΠΠ
εε

ε
κεε

ε
κ ψψ

+
+

+
−  

 
This implies 
 

5
2

1

2
5

2
2

2
1

4
2

1

2

2
5

2
2

2
1

4
1

[)(
)(

1

)(
)(

1[[=

p]

B

ε
ε

εε

ε
κ

ε
ε

εε

ε
κ

ψ

ψ

ψ

s

st

∂
∂

+

−
∂
∂

+
∂
∂

 

)1(]sin)(
2
2

2
1

2
2211

3

εε
ε

κ
εε ψ

+∂
∂

−−−
∂
∂

+
ts

Abbb  

 

123
2

32
2

2
1

1 sin)sin()[1( ΠA]]AAbbp
ss ∂

∂
−+

∂
∂

+
+

+ ε
εε

ε
κψ

 

 

)(
)(

1[)1([
1

2

2
5

2
2

2
1

4
1

2
2

2
1

1

ε
ε

εε

ε
κεε

ε
κ ψψ st ∂

∂

+
+

+∂
∂

+  

 

A]bbbp cos)([)(
)(

1
2211

3
6

2

1

2
5

2
2

2
1

4
2 εε

ε
ε

εε

ε
κψ −−

∂
∂

−
∂
∂

+
−

ss
]

 
 

213
1

12
2

2
1

2 )]]cos(cos)[1( ΠAAbbAp
ss ∂

∂
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∂
∂

−
+

− ε
εε

ε
κψ

 
 

])(
)(

1)(
)(

1[[
2

1

2
5

2
2

2
1

4
2

1

2

2
5

2
2

2
1

4
1

ε
ε

εε

ε
κε

ε

εε

ε
κ ψψ sst ∂

∂

+
−

∂
∂

+
∂
∂

+

 
 

B.)]1()1(
2
2

2
1

1
422

2
2
1

2

εε
ε

κεε
ε

κ ψψ
+

+
+

− pp  

 
Then, we obtain the theorem. So, theorem is proved. 
 
 
 

Lat. Am. J. Phys. Educ. Vol.7, No.2, June 2013 334 http://www.lajpe.org 
 



Inextensible flows of binormal bishop spherical images according to type-2 bishop frame in E3 

REFERENCES  
 
[1] Bishop, L. R., There is More Than One Way to Frame a 
Curve, Amer. Math. Monthly 82, 246-251 (1975).  
[2] do Carmo, M., Differential Geometry of Curves and 
Surfaces, (Prentice-Hall, Englewood Cliffs, 1976). 
[3] Dimitric, I. Submanifolds of mE  with harmonic mean 
curvature vector, Bull. Inst. Math. Acad. Sinica 20, 53-65 
(1992). 
[4] Eells, J. and Lemaire, L., A report on harmonic maps, 
Bull. London Math. Soc. 10, 1-68 (1978). 
[5] Eells, J. and Sampson, J. H., Harmonic mappings of 
Riemannian manifolds, Amer. J. Math. 86, 109-160 (1964). 
[6] Gage, M., Hamilton, R. S., The heat equation shrinking 
convex plane curves, J. Differential Geom. 23, 69-96 
(1986). 
[7] Grayson, M., The heat equation shrinks embedded plane 
curves to round points, J. Differential Geom. 26, 285-314 
(1987). 
[8] Körpınar, T. and Turhan, E., Inextensible flows of S − s 
surfaces of biharmonic S -curves according to Sabban 
frame in Heisenberg Group Heis ,3  Latin American Journal 
of Physics Education 6, 250-255 (2012). 

[9] Körpınar, T. and Turhan, E., On inextensible flows of 
curves according to type-2 Bishop frame in E ,3  Int. J. Open 
Problems Compt. Math. (in press). 
[10] Kwon, D. Y., Park, F. C., Chi, D. P., Inextensible flows 
of curves and developable surfaces, Appl. Math. Lett. 18, 
1156-1162 (2005). 
[11] Kwon, D. Y., Park, F. C., Evolution of inelastic plane 
curves, Appl. Math. Lett. 12, 115-119 (1999). 
[12] Struik, D. J., Lectures on Classical Differential 
Geometry, (Dover, New-York, 1988). 
[13] Körpınar, T. and Turhan, E., On Characterization Of 
Timelike Horizontal Biharmonic Curves In The Lorentzian 
Heisenberg Group Heis ,3  Zeitschrift für Naturforschung 
A- A Journal of Physical Sciences 65a, 641-648 (2010). 
[14] Körpınar, T. and Turhan, E., Parametric equations of 
general helices in the sol space, Bol. Soc. Paran. Mat., 31, 
99-104 (2013). 
[15] Turgut, M., On the invariants of time-like dual curves, 
Hacettepe J. Math. Stat. 37, 129-133 (2008). 
[16] Unger, D. J., Developable surfaces in elastoplastic 
fracture mechanics, Int. J. Fract. 50, 33-38 (1991). 
[17] Yılmaz, S. and Turgut, M., A new version of Bishop 
frame and an application to spherical images, J. Math. 
Anal. Appl. 371, 764-776 (2010). 
 

 

Lat. Am. J. Phys. Educ. Vol.7, No.2, June 2013 335 http://www.lajpe.org 
 


	Talat Körpinar1, Essin Turhan2
	(Received 28 December 2012, accepted 25 June 2013)
	I. INTRODUCTION
	In this paper, we study binormal Bishop spherical images in Euclidean space E3. Using the type-2 Bishop frame of the given curve, we present partial differential equations. We give some characterizations for curvatures of a curve in Euclidean space E3.
	II. PRELIMINARIES



