Inextensible flows of binormal bishop spherical
images according to type-2 bishop frame in E3

Talat Korpinar?, Essin Turhan?

EDVCATIO PHYSICORVM

TIRAD T

e |

QVO NON ASCENDAM ¢

Mus Alparslan University, Department of Mathematics 49250, Mus, Turkey.
2Firat University, Department of Mathematics 23119, Elazig, Turkey.

E-mail: talatkorpinar@gmail.com

(Received 28 December 2012, accepted 25 June 2013)

Abstract

In this paper, we study inextensible flows of binormal Bishop spherical images in Euclidean space E2. Using the type-
2 Bishop frame of the given curve, we present partial differential equations. We give some characterizations for

curvatures of a curve in Euclidean space E2.
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Resumen

En este trabajo se estudian los flujos inextensibles de imagenes binormales esféricas de Obispo en el espacio
Euclidiano E2. Utilizando el marco de Obispo tipo 2 de la curva dada, se presentan las ecuaciones en derivadas
parciales. Damos algunas caracterizaciones de curvaturas de una curva en el espacio Euclidiano ES.

Palabras-clave: Marco Obispo tipo-2, Energia, curvaturas, flujos.
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I. INTRODUCTION

Construction of fluid flows constitutes an active research field
with a high industrial impact. Corresponding real-world
measurements in concrete scenarios complement numerical
results from direct simulations of the Navier-Stokes
equation, particularly in the case of turbulent flows, and for
the understanding of the complex spatio-temporal evolution
of instationary flow phenomena. More and more advanced
imaging devices (lasers, highspeed cameras, control logic,
etc.) are currently developed that allow to record fully
timeresolved image sequences of fluid flows at high
resolutions. As a consequence, there is a need for advanced
algorithms for the analysis of such data, to provide the basis
for a subsequent pattern analysis, and with abundant
applications across various areas, [7, 8, 10, 11].

In this paper, we study binormal Bishop spherical
images in Euclidean space E3. Using the type-2 Bishop
frame of the given curve, we present partial differential
equations. We give some characterizations for curvatures of
a curve in Euclidean space E2.

I1. PRELIMINARIES

Assume that {T,N,B} be the Frenet frame field along o.

Then, the Frenet frame satisfies the following Frenet-Serret
equations:
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V.T=xN,
VN = —«T + 7B, 2.1)
V.B=—m,

where K is the curvature of a and ¢ its torsion and
9(T,T)=1,9(N,N)=1,9(B,B)=1,
g(T.N)=g(T,B)=g(N,B)=0.

The Bishop frame or parallel transport frame is an
alternative approach to defining a moving frame that is well
defined even when the curve has vanishing second
derivative, [1]. The Bishop frame is expressed as
V. T=kM, +k,M,,
VM, = kT, (2.2)
VM, =-k,T,
Where
9(T.T)=1,9(M;,M,)=1,9(M,,M,)=1,
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9(T,M,)=g(T.M,)=g(M,,M,)=0.

Here, we shall call the set {T,M,,M,} as Bishop trihedra,

k, and k, as Bishop curvatures and U(s):arctan&r

7(s)=U(s) and x(s) = k2 +kZ.

Bishop curvatures are defined by
k, = x(s)cosU(s),
k, = x(s)sinU(s).

Let o be a unit speed regular curve and (2.1) be its Frenet-
Serret frame. Let us express a relatively parallel adapted
frame:

V. I, =—-¢B,

V. I, = -¢,B, (2.3)

VB=gll +¢&ll,,
Where

g(B, B)Zl, g(Hlvnl): 1, g(Hsz):l,

g(B'Hl): g(B'Hz): g(Hl’HZ): 0.

We shall call this frame as Type-2 Bishop Frame. In order
to investigate this new frame's relation with Frenet--Serret
frame, first we write

r=.4gi+&l. (2.4)

The relation matrix between Frenet-Serret and type-2
Bishop frames can be expressed

T =sin A(s)IT, —cos A(s)IT,,
N = cos A(s)IT, +sin A(s)IL,,
B =B.
So by (2.4), we may express
& =-1CosA(s)
g, = —7sinA(s).

By this way, we conclude

A(s) = arctan 22
&
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The frame {Hl,HZ,B} is properly oriented, and 7 and
S .
As)= _[O x(s)ds are polar coordinates for the curve « .

We shall call the set {Hl,Hz,B,sl,gz} as type-2 Bishop
invariants of the curve « , [17].

Definition 2.1. Let o be a regular curve in E*. If we
translate of the third vector field of type-2 Bishop frame to
the center O of the unit sphere S?, we obtain a spherical
image ¢. This curve is called binormal Bishop spherical

image or indicatrix of the curve o, [17].

I11. INEXTENSIBLE FLOWS OF BINORMAL
BISHOP SPHERICAL IMAGE ACCORDING TO
NEW TYPE-2 BISHOP FRAME

Let a(u, t) is a one parameter family of smooth curves in E3.
The arclength of « is given by

uloa
s(u)=| |[==du, 3.1)
=]
where
1
dal|_|/0a da\® (3.2)
ou ou au
The operator 9 s given in terms of u by
0s
0.19
o vou'
da

where v = and the arclength parameter is ds = vdu.

ou
Any flow of & can be represented as {I1,, I1,,B}

%—? =b,II, +b,IT, +b,B, (3.3)

where b,,b,,b, € C*(E®).

Definition 3.1. ([10]) The flow %a in E* are said to be
ot

inextensible if

9o
ot

oa

hdad =YY (3.4)
ou

Lemma 3.2. Let 6705 be a smooth flow of the curve «

ot
according to new type-2 Bishop frame. The flow is
inextensible if and only if
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(—+b3v$1)5|nA ( +b3ng)cosA (3.5)
where p,,b,,b, e C*(E®).
Theorem 3.3
ol ob oA
Kl:[pl—cosA(a—;+bsgl+gcosA)]H2+pZB,
oIl, ob, oA . .
+b,&, ———sin A)sin AJIT, +p,B,
T (as %2 =5 )sin AL, +p,
oB ob .
E:[p5+(a—;—blel—b282)sm Al

ob
+[Ps — (a_ss_blgl —b,e,)cos AL,

where P1:P2:P3:P4:Ps,Pg € Cw(Es)-
Theorem 3.4.

0

& £
T =[ ()t ()P +
ot ot g? + & el + &l

ob
(8752 +bse,

- %sin A)sin AJJII,
0s

6 £ &

+ E)+ ——)lp, -
ot \/51 +&? \/6’1 +&?

cos A( Ltb,e + E;':‘ cosA)]]II,

51 &

+[p,( )+, (
N N P

)IB,

ON¥ [8( 1 e 0 LY

ot ot k¥ (2 +&2)* 0s e,
1 &’
N E)lps

KW( +&2)? 05 g,

)+

ob

(22,2, - LDosin A)sin Al- ()P + (22 by

NS S

—-b,&,)sin A]JIL, +
2 1 [ k¥ (el +€2)° 0s g

)

3

&
— —cosA— b
K"’( A 2) os (82))[p1 ( 1058,

NE
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ob

OA 1
+ ECOS A)l- (F)[ps - (6_83_ b,& —b,&,)cos AJJII,

1 g; 0,1
+[Dz(}(7mas(82 ) ( )

1 &l
p4(lc7(5127)68 (51 )IB,
aBy]:[[igil ( )_

A ey ®

1 4
—;—42—? Hp,
os &,
(51 +&, )2

b,e,)sinA]-2 (L%

— 1)
ot k¥ e+ &l

oA —sin A)sin AJ]II,
0s

ob
+ (8_53 - bl€1

1
+(KV’ =

)[IO3+( S thse, -

+82

0.1 P 1 gl
L et B e
ot k" e+

(512 +522)2

1 & ob
~Le Oy (®
K (&2 +82) os &, 0s

—b,&, —b,e,)cosA]

2

LZ)[pl —Cos A(aa—bl +b,g
& +&, S

1 OA
—(— +—cos A)]II
5 ~ Cos AT,

4 4
& 0 & 1 o 0 .&

2y-—
(e2+e )2 o5 & k7 (& +e )2 £y &,
1 2 2

0.1
+[E[K'_W —)]
1 & 1 &
(——+—=2=)p, +p,(——=)IB,
k" el + & 2T NEEs

where p,,p,,p;,P,.Ps.Ps.b,,b,, b, are smooth functions of
time and arc length.

Proof. Using definition of i, we have
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&
T = ((—=—=)I1 +(7)H
Jeivel et +el
Since
0 0 & &
T =)+ 2 =)[ps +
ot ot x/el +é&l \/51 +&? ’
OA . .
—2+b ———sin A)sin A]JIT
(as 32 " 5 ) {114

E
+(——2)[p, -
Jei el

OA
+—CcosA)|II
™ )L,

0 &
[ ()
ot \/812+822

ob
cosA(a—Slergg1

&

+[p2 \/g ) p4 \/g )]B

Using the (2.3) equations, we have

vo(l &
N = ey ey 85(82))H1+

(1 &gl a(gz

kY (el +&2)° 0s g

N
Then,

6N"’

=0t a0y,

ot k¥ (2 +&5)° 0s &,

(LA 0y

k¥ (el +€2)* 0s g

ob

+(Z2 +b,e, _%sin A)sin A]—(i)[ps +
0s K"

(% -b,g

&g 0 ,¢&,
—b,&,)sin A]JIL, +[ ( "’mas(gl))
1 &

: ( ))[Iol—COSA(—er &

+(K"’( +¢ 2) 0s

Dlp - (22

O0A
+ = cosA)]- ( b,e

—-b,e&,)cos A]l,

1 &5 o 1
+[p,( "’ﬂ@s(e‘ ) ( )

2
6'

P L (.

k¥ (ef +&2)? 0s g
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On the other hand,

This implies
oBY =[[i & 0 52)_
ot 1("’( ) )2 E
& +&
1 &5 0 ,¢&
P )
(51 +‘92)2 ?

ob, . 1 £
+(—2-b,e, —b,e,)sinA S S
(b D) Al L)

1

OA . )

HFH)[I%JF( 2 +b.e, - S ~sin A)sin AJJII,

0,1 &t 0 ,&
o (=) ,—15 )

ot «* 1/5 el K (c2 +£7)? 0s g

1 5 ob,
__.,,—a—( S)ps (E b,&, —b,&,) COSA]

(81 +82)2

1 LA
I iy COsA b —cosA)|II
o 7 P oS AG b+ L cos I

0.1 & 1 &l 0 ¢
T~ Sas(g",?—z G
(] +5)? ! (el +£5)?

1
—(—.,, —=IP, P (—; = ———)IB.
N K" gl +é&l

Then, we obtain the theorem. So, theorem is proved.
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