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Abstract 
In present work, we obtain the modified bound-states solutions for three dimensional pseudo harmonic potential in both 

non-commutative three dimensional spaces and phases. We show the noncommutative new anisotropic Hamiltonian 

containing three terms, the first is the usual Hamiltonian in ordinary quantum mechanics; the first new term describes 

the spin-orbit interaction while the second new term describes the modified Zeeman effect. It has been observed that, 

the energy spectra in ordinary quantum mechanics was changed, and replaced by degenerate new states, depending on 

new discreet quantum numbers: m, l, j and s=  1/2, in addition to four infinitesimal parameters: 
2 , 2 , 

1 and 
1 . 

The new symmetries were extended to include automatically new physics phenomena’s. 

 
Keywords: Star product, Boopp’s shift method, three dimensional pseudo harmonic  potential, Noncommutative space 

and Noncommutative phase. 

 
Resumen 

En este trabajo, obtuvimos las soluciones modificadas de los estados bound para tres potenciales dimensionales 

pseudoarmónicos tanto para tres espacios y fases dimensionales no conmutativos. Demostramos el nuevo hamiltoniano 

anisotrópico no conmutativo que contiene tres términos. El primero es el hamiltoniano usual en una mecánica cuántica 

ordinaria. El primer término nuevo describe la interacción spin-orbital; mientras que el segundo término nuevo describe 

el efecto modificado de Zeeman. Se ha observado que el espectro energético en una mecánica cuántica ordinaria fue 

cambiado y reemplazado por nuevos estados degenerados, dependiendo de los nuevos números cuánticos discretos: m, 

l, j y s=  1/2. Además de cuatro parámetros infinitesimales: 
2 , 2 , 

1  y 
1 . Las nuevas simetrías fueron extendidas 

para incluir automáticamente nuevos fenómenos físicos. 

 

Palabras clave: Producto Star, Metodo de derivada de Boopp, Potenciales dimensionales pseudoarmónicos, espacio no 

commutativo, fase no commutativa. 
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I. INTRODUCTION  
 

The central potentials have been studied in various fields of 

material sciences, nuclear physics, quantum molecules by 

using relativistic Klein-Gordon equation, Dirac equation and 

non-relativistic Schrödinger equation in commutative and 

noncommutative two and three-dimensional space and phase 

[1-44]. The Schrödinger equation rest major sources of 

principal information’s and it consider as a big revolution 

like general relativity and special relativity for describing 

physics phenomena at microscopic (Planks scales) and 

macroscopic scales (the planets movements). In another 

hand, the notions of noncommutativity of space and phase, 

will be another big modern revolution to gives the profound 

interpretations in different fields. Based essentially on 

Seiberg-Witten map and Boopp's shift method and the star 

product, depended on the antisymmetric infinitesimal 

parameters (  and


 ) and equals k
ijk

2

1
and 

k
ijk

2

1
, respectively, in first order of two infinitesimal 

parameters k  and k , the new star product defined as [23-

43]: 

 

             

     

* *
2

2
.

i px
f x g x f x g x f x g x

i p p
f x g x


  


  

   

  

   (1) 

 

As a direct principal’s result of the above equation, the two 

new non nulls commutators 






j
x

i
x ,  and  

ji pp ˆ,ˆ  in the 

notion of star product: 
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and i j
ˆ ˆx ,x i p , p i iji j ij

 




       
.              (2) 

 

In this work, we want to study three dimensional pseudo 

harmonic potential in noncommutative 3D space and phase 

to discover the new symmetries by apply the Boopp’s shift 

method, the Schrödinger equation will be treated by using 

directly new product procedure [23-44]: 

 

    ijjiijji ippixx   ˆ,ˆandˆ,ˆ .                (3) 

 

The study of three dimensional pseudo harmonic potential 

has relevance in the dynamical properties in solid-state 

physics and the history of molecular structures and 

interactions [6]. 

The rest of present search is organized as follows: in next 

section, we briefly review the Schrödinger equation with for 

pseudo harmonic potential in three dimensional spaces. In 

section 3, by applying Boopp's shift method to derive the 

deformed Hamiltonians of the Schrödinger equation with 

three dimensional pseudo harmonic potential in 

noncommutative three dimensional space-phases. The forth 

section reserved to present the formalism of Boopp’s shift 

method and the construction of global noncommutative 

Hamiltonian for three dimensional pseudo harmonic 

potential. 

In the fifth section we apply standard perturbation theory 

to find the exact quantum spectrum of the bound states in 

(NC-3D) space and phase for studied potential in first order 

of two infinitesimal parameters   and  . Finally, the 

important found results and the conclusions are discussed in 

the last section. 

 

 

II. REVIEW OF PSEDOHARMONIC 

POTENTIAL IN THREE DIMENSIONAL  

 
In this section, we review the orthonormalization functions 

and energy eigenvalues of three-dimensional pseudo 

harmonic potential  3dphV r  [6]: 

 

 
2

3
e

dph e

e

rr
V r D

r r
 

 
 
 

.                       (4) 

 

Where De, is the dissociation energy and re is the equilibrium 

intermolecular separation. The potential (4) can be rewritten 

in the form of an isotropic Harmonic oscillator plus inverse 

quadratic potential [6]: 

 

  2

3 2dph

b
V r ar c

r
   .                           (5) 

 

Where ,2 eerDa 2 eerDb  and eDc 2 , the radial 

function  r  in 3-dimensional space for three-dimensional 

pseudo harmonic ( 1 c ) is [6]: 

 

   

   

2

2

3 2

2

( 1)
0.dph

d r d r

dr r dr

l l
E V r r

r

 
 


   

 
 
 

.           (6) 

 

Where l denote to the orbital angular momentum quantum 

numbers. Furthermore, to remove the first derivative from 

the above equation, we introduce a new radial function: 

 

 R r  (  
 R r

r
r

  ), 

 

then, the eq. (6) reduced to the form: 

 

 
    

2

32 2

( 1)
2 0dph

d R r l l
E V r R r

dr r



   
 
 
 

.  (7) 

 

The complete orthonormalization functions and energy 

eigenvalues in three dimensional spaces for fondamental 

state ( 
0E and  r0 ), first excited state ( 

1E and  r1 ) and 

p and excited state (

pE and  rp ) are given by, 

respectively [6]: 

 

 

   0

0

1

0 22

2 2

exp 2 .

,aE c

r a r a r










  

 

                     (8) 

 

 

     
1

0 2 22
0 1

2 4
1

1 exp 2 .

,aE c

r a a r r a r










  

  

           (9) 

 

 

     
1

2 2 22
0 1

2 2 2

.... exp 2 .

,p

p p

p

aE c p

r a a r a r r a r










   

   

  (10) 

 

The constants δ, a0 and a2are given by [6]: 

 

 
 

 
 

2
1 2

12 22
0 1 !

21 2 22
1 2 1 !

,

,

.

b

a a

a a

  









 

   









 

               (11) 
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And 

1

2
l   . 

 

 

III. NONCOMMUTATIVE THREE DIMENSIO-

NAL SPACE-PHACE HAMILTONIAN FOR 

PSEUDO HARMONIC POTENTIAL 
 

III.A Formalism of Boopp’s shift method 

 

The quantum noncommutative Schrödinger equation, can be 

determined by apply the following steps for pseudo 

harmonic potential [23, 24, 25, 26,27, 28, 29, 30, 31, 32, 33, 

34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44]: 

 

 

 

   

ˆOrdinary Hamiltonian: ,

ˆ ˆ ˆNC-Hamiltonian: ,

Ordinary-complex wave function:

NC-complex wave function: 

Ordinary-energy: E

:

Ordinary-product

New star producr-acting on ph

H p xi i

H p xi i

r r

NC Energy E
nc ph



  








ace and space:

       (12) 

 

Which allow us to writing the three dimensional space-phase 

quantum noncommutative Schrödinger equations as follows: 

 

     ˆ ˆ ˆ,i i nc phH p x r E r   .                 (13) 

 

The Boopp’s shift method permutes to reduce the above 

equation to the form: 

 

     ˆ ˆ,
p p

i i nc phH p x r E r   .               (14) 

 

Here the two ix̂  and ip̂  operators in (NC-3D) phase and 

space are given by [23-43]:  

 

jj
ij

ii x
ij

i
p

i
ppxx

2
ˆand  

2
ˆ


 .             (15) 

 

 

On another hand, the two operators 2r̂  and 2p̂  in (NC-3D) 

spaces and phases are given by [37, 39]:  

 
2 2

2 2

ˆ ,

ˆ .

r r

p p

  

 

L

L
                                (16) 

 

 

Where L and L


 are given by, respectively: 

 

12 23 13

12 23 13.

x y z

x y z

L L L

L L L  

      

  

L

L
                    (17) 

 

Where



 , based, on the Eq. (17), in the first order of 

two infinitesimal parameters   and  , the two important 

terms which will be used to determine the noncommutative 

pseudo harmonic  potential can be written explicitly, in (NC-

3D) spaces and phases as:  

 
2 2

2 2 4

ˆ ,

.
ˆ 4

ar ar a

b b b

r r r

  

  

L

L
                         (18) 

 

The modified pseudo harmonic potential operators  rV ˆ
3dph

 

in both (NC-3D) phase and space will be written as: 

 

  2

3dph 2 4
ˆ

4 2

b b
V r ar c a

r r 
       

 
 
 

L
L


.     (19) 

 

 

The three first terms in above equation are given the ordinary 

pseudo harmonic  potential in 3D spaces, while the rest 

terms are proportional’s with two  infinitesimals  parameters   

(  and  ) and then gives the terms of perturbations for 

pseudo harmonic potential  ,,pert-ph rH  in (NC-3D) real 

space and phase as:  

 

 ph-pert 4
, ,

4 2

b
H r a

r



     

 
 
 

L
L


.          (20) 

 

III.B The second part of noncommutative 3D: RSP 

 

It is possible to replace 


L and L


 by LS2 and LS2 , 

respectively, to obtain the new forms of  ,,pert-ph rH  for 

pseudo harmonic potential: 

 

 ph-pert 4
, , .

4 2

b
H r a S

r





    

 
 
 

L            (21) 

 

Here 
2

1
S  denote the spin of electron, in quantum 

mechanics, it is possible also to replace  LS  by











222

2

1
SLJ , which allow us to writing the 

perturbative terms for pseudo harmonic potential: 
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  2

4pert-ph
24

,, G
r

b
arH 













         (22) 

 

Where 2G  denote to the 









222

2

1
SLJ . As it is known, 

this operator traduces the coupling between spin and orbital 

momentum. The (
2

J ,
2

L , 
2

S and )zs  formed complete 

basis on quantum mechanics, then the operator 











222

SLJ  will be gives 2-eigenvalues 



















4

3
)1()1

2

1
(

2

1
2

1 llllk
, corresponding 

2
1 lj  (spin up-spin down), respectively. Then, one can 

form a diagonal matrix  ,,,  prH phnc


 of order  33  

with non null elements (   
11

,,,  prH phnc


, 

  
22

,,,  prH phnc


 and   

33
,,,  prH phnc


, for pseudo 

harmonic potential in both (NC-3D) phase and space: 

 

 

 

 

2
2 411 2 24

1if  spin up
2

2
 

2 422 2 24

1if  spin down
2

2
Non polarised electron

233 2

b b
H ar c k a

nc ph
r r

j l

b b
H ar c k a

nc ph
r r

j l

b
H ar c

nc ph
r



 



 




        

  


        

  


       



 
 
 

 
 
 

(23) 

 

 

III.C The third part of noncommutative 3D: RSP  

  

In this sub section, we draw another interpretation for the 

production of modified three dimensional pseudo harmonic 

potential, we consider the two at infinitesimals parameters 

(  and  ) are the sum of two infinitesimals parameters to 

each one as [33-37]: 

 

1 2 1 2
and                        (24) 

 

The two parameters 
2  and 

2 are arbitrary infinitesimals 

constants, then we can introduce an external magnetic field 
B  as [33-41]: 

 

22 2 2,   and  .B B B Bk             (25) 

 

Where 
2  and 2  are two new proportional constants, 

which allow us to obtain the following results: 

 

22 24 4
.

4 2 4 2

b b
a a BLz

r r

 
 

 
         

    
    

    
L L   (26) 

 

Thus, the second part of noncommutative Hamiltonians 

operator for three dimensional pseudo harmonic potential 

 22, , ,ph magH r p    can be determined as follows: 

 

 22

22 4

, , ,

4 2

ph magH r p

b
a BLz

r

 


 



 

   
  
  

  

              (27) 

 

 

III.D The global noncommutative anisotropic 

Hamiltonian operator 

 

The previous obtained results permuted to deduce the global 

diagonal noncommutative Hamiltonian matrixes

 , , ,nc phH r p    of order  33 , with non null elements: 

 

 
11nc phH  ,  

22nc phH  and  
33nc phH   

 

for three dimensional pseudo harmonic potential in both 

(NC-3D) phase and space:  

 

 

 

 

2

2 411

22 4

2

2 422

22 4

33

2 4 2

1 if  spin up
24 2

2 4 2

1if  spin down
24 2

2

nc ph

nc ph

b b
H ar c k a

r r

b
a j l

r

b b
H ar c k a

r r

b
a BL j lz

r

H
nc ph



 


 





 


 










         

      


         

      


  



 
 
 

  
  

  

 
 
 

  
  

  

2

2
Non polarised electron.

b
ar c

r
    

 (28)  

 

After a straightforward calculation, one can show that, the 

radial function  rR  satisfied the following the equation, in 

(NC-3D: RSP) for three dimensional pseudo harmonic 

potential: 

 

 
 

 

2

3 42

2 2

22 4

4 2 ( 1)
2 0.

4 2

dph

b
E V r a G

rd R r l l
R r

dr rb
a BLz

r







 



     


  

   

   
   

   
    
          

(29) 

 

 

V. NONCOMMUTATIVE SPECTRUM 
 

Know, we want to obtain the energies: ( nc0-upE , 
0nc-dE ) and  
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( nc1-upE , 
1nc-dE ) of a particle fermionic with spin up-spin 

down at first order of two infinitesimals parameters (  and 

 ) corresponding (   
11

, , ,nc phH r p   and 

  
22

, , ,nc phH r p    for fundamental state and first 

excited state corresponding three dimensional pseudo 

harmonic  potential in both (NC-3D) phase and space: 

 

   

 

   

 

nc0-up 0 1 1

0 2 2

nc0-d 0 1 1

0 2 2

2 2 ,

,

2 2 ,

, .

ph up

ph mag

ph d

ph mag

aE c E

E

aE c E

E

 



 











    

 

    

 











 (30) 

 

And 

 

   

 

   

 

2 4 ,
nc1-up 1 11

,
2 21

2 4 ,
1 1nc1-d 1

,
2 21

.

aE c E
ph up

E
ph mag

aE c E
ph d

E
ph mag

 



 



    


 


    


 












 (31) 

 

Where: 

 

(  0 1 1,ph upE    ,  0 1 1,ph dE   , 

 

  0 2 2,ph magE   ) and (  1 1 1,ph upE   ,  

 

 1 1 1,ph dE   ,  1 2 2,ph magE   ), 

 

are the exact modifications of spin-orbital (up-down) and 

magnetic for the three dimensional pseudo harmonic  

potential corresponding fundamental state and first excited 

state, respectively. 

 

V.A Noncommutative spin-orbital spectrum 

 

To obtain the exact noncommutative spin-orbital 

modifications of energy  0 1 1,ph upE   ,  0 1 1,ph dE    for 

three dimensional pseudo harmonic potential corresponding 

fundamental states, we apply the standard perturbations 

theory: 

 

 
 

 
 

,1 10 2 1 2 2
exp 2 2

2 4 20 4
0

,1 10 2 1 2 2
exp 2 2 .

2 4 20 4
0

E bph up
r a r a r dr

ra k

E bph d
r a r a r dr

ra k

 




 




  
     



  
     



 
 
 

 
 
 

(32) 

It’s convenient to rewrite the two above equations as 

follows: 

 

 

 

2

0 1 1 0 1 2

2

0 1 1 0 1 2

,
2 4

, ) .
2 4

ph up so so

ph d so so

b
E a k a L L

b
E a k a L L











 

 

  
      

  

  
      

  

   (33) 

 

Where: 

 

 

21
1

22
2

exp
0

exp .
0

m

so

m

so

L r r dr

L r r dr






 


 

               (34) 

 

With 1 2 3m   , 2 2 1m    and 2 2a   . Know we 

apply the special integral [38]: 

 

  1

1
,

exp
0

n

m n

m

n

m
x

n
x x dx

n













 

 
 
 

.         (35) 

 

Where 
1

,
nm

x
n





 
 
 

 denote to the incomplete Gamma 

function. After straightforward calculations, we can obtain 

the results: 

 

 

 

 

 

1 2

2

1, 2 2
    

2 2 2

 and

, 2 2

2 2 2

.

so

so

a
L

a

a
L

a





 



 





  




 




               (36) 

 

For the first excited states, the exact noncommutative spin-

orbital modifications of energy  1 1 1,ph upE   , 

 1 1 1,ph dE    of three dimensional pseudo harmonic 

potential: 

 

     

     

2
2 2 1 2

, exp 2 21 1 0 11
0

2
4 24

2
2 2 1 2

, exp 2 21 1 0 11
0

2
4 24

E k a a r r a r
ph up

b
a r dr

r

E k a a r r a r
ph d

b
a r dr

r


 






 





 
  

    

 
  

    

 
 
 

 
 
 

(37) 
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A direct simplification gives: 

 

 
 

 

 
 

 

2 2 2 6 4

0 1 0 1

1 1 1 42 1 2

2 2 2 6 4

0 1 0 1

1 1 1 42 1 2

2

,
2 40 exp 2 2

2

, .
2 40 exp 2 2

ph up

ph d

a r a r a a r
b

E k a dr
rr a r

a r a r a a r
b

E k a dr
rr a r





















 
     

 
     

  
  
  

  
  
  

 

(38) 

 

 

It’s convenient to rewrite the two above equations as 

follows: 

 

 
 

 

 
 

 

3 5 7

1 1 1

6 8

3 5 7

01 1 1

4 6 8

2
,

44

2
,

4

.

so so so

ph up

so so

so so so

ph d

so so so

a L L L

E k
b

L L L
so

a L L L

E k
b

L L L















   

  

  

   

  

  

  
  
  
 
 
  

  
  
  
 
 
  

(39) 

 

Where: 

 

 

 

 

 

 

 

2 23
3 0

2
20 4

4

2 25
5 1

2
21 6

6

27
7 0 1

20 1 8
8

exp ,
0

exp
4 0

exp ,
0

exp
4 0

2 exp
0

   and    exp .
2 0

m

so

m

so

m

so

m

so

m

so

m

so

L a r r dr

ba
L r r dr

L a r r dr

ba
L r r dr

L a a r r dr

ba a
L r r dr














 


 


 


 


 


 

    (40) 

 

 

With 3 2 3m   , 4 2 1m   , 5 2 7m   , 6 2 1m   , 

7 2 5m   , 8 2 1m    and 2 2a   . Know we 

apply the special integral (35), we obtains: 

 

 

 

 

 
 

 

 

 
 

 

 

 

2 22 2

0 0
3 42

2 22 2

1 1
5 62 1

2 2

0 1
7 0 1 83

2, ,
,

2 82 2 2 2

2, 1,
,

2 82 2 2 2

2 3, ,
    and  

42 2 2 2

so so

so so

so so

r ra ba
L L

a a

r ra ba
L L

a a

r rba a
L a a L

a a

 

 

 

   

 

   

 

   

 



 



  
 

 

   
 

 

  
 

 

(41) 

 

 

Which allow us to obtaining the exact noncommutative spin-

orbital modifications of energy  0 1 1,ph upE   , 

 0 1 1,ph dE    of fundamental states and first excited states 

 0 1 1,ph upE    and  0 1 1,ph upE   for the studied 

potential.  

 

 

V.B Noncommutative magnetic spectrum 

 

Furthermore, to obtain, the exact noncommutative magnetic 

modifications of energy  0 2 2,ph magE    and

 1 2 2,ph magE    for three dimensional pseudo harmonic 

potential of fundamental states and first excited states, its 

sufficient to replace: ( k , k ), 1  and 1  in the Equations 

(33) and (39) by the following parameters: m, 2  and 2 , 

respectively: 

 

 

 
 

 

2 2

0 2 2 0 2 1 2 2

2

2 3 5 7

1 2 2

2 4 6 8

,
2 4

2
, .

4

ph mag so so

so so so

ph mag

so so so

b
E a m a L L

a L L L

E m

b
L L L


  















    

   

 

  

   
  
   

  
  
   
 
  

(42) 

 

 

Where lml  , then we can be fixed 2 1l   values 

correspond the magnetic effects. Know, we can resumed the 

global spectrum for three dimensional pseudo harmonic 

potential of a particle fermionic with spin up, spin down and 

non polarized at first order of two infinitesimals parameters  

(  and  ) corresponding  
11nc phH  ,  

22nc phH   and 

 
33nc phH   in both (NC-3D) phase and space for 

fundamental state and first excited state, respectively: 
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 
1

2

nc0-up 0

2

2 2

0 2 1 2 2

22 2

4

.
2 4

so

so

so so

a L
aE c a k

b
L

b
a m a L L







 



 

    



   

  
  
  
 
 
  

   
  
   

 (43.1) 

 

 

 
1

2

nc0-d 0

2

2 2

0 2 1 2 2

22 2

4

2 4
.

so

so

so so

a L
aE c a k

b
L

b
a m a L L







 



 

    



   

  
  
  
 
 
  

   
  
   

 (43.2) 

 

 

 nc0-d
2 2aE c    ,                  (43.3) 

 

and 

 

 
 

 

 

 

3 5 7

nc1-up

4 6 8

2

2 3 5 7

2 4 6 8

22 4

4

2

4

.

so so so

so so so

so so so

so so so

a L L L
aE c k

b
L L L

a L L L

m

b
L L L













   

    

  

   



  

  
  
  
 
 
  

  
  
   
 
  

  (44.1) 
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2 3 5 7

2 4 6 8

22 4
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.

so so so

so so so

so so so

so so so

a L L L
aE c k

b
L L L

a L L L

m

b
L L L













   

    

  

   



  

  
  
  
 
 
  

  
  
   
 
  

  (44.2) 

 

 np1-ph
2 4aE c    .                    (44.3) 

 

 

As well known, we have two possible values of total 

momentums 
2
1 lj  (spin up-spin down), thus every state 

in usually 3D of energy for three dimensional pseudo 

harmonic potential in NC (3D-SP) phase and space will be: 

 122 l  sub-states. 

 

VI. CONCLUSIONS 

 

In both noncommutative three dimensional spaces and 

phases, the Schrödinger equations with three dimensional 

pseudo harmonic potential has been solved by using the 

Boopp’s shift method and standard perturbation theory. The 

noncommutative modification of energy eigenvalues for 

three dimensional pseudo harmonic  potential have been 

obtained exactly corresponding three modes (spin: up-down 

at high energy) depended with discreet quantum numbers m, 

l, in addition to four infinitesimal parameters 2 , 2 , 1

and 1, while the third mode unchanged energy (in low 

energy). The obtained quantum atomic spectrum changed 

totally, every state in usually 3D space replaced by  122 l  

sub-states for three dimensional pseudo harmonic potential. 
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