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Abstract
In present work, we obtain the modified bound-states solutions for three dimensional pseudo harmonic potential in both
non-commutative three dimensional spaces and phases. We show the noncommutative new anisotropic Hamiltonian
containing three terms, the first is the usual Hamiltonian in ordinary quantum mechanics; the first new term describes
the spin-orbit interaction while the second new term describes the modified Zeeman effect. It has been observed that,
the energy spectra in ordinary quantum mechanics was changed, and replaced by degenerate new states, depending on
new discreet quantum numbers: m, I, j and s= £ 1/2, in addition to four infinitesimal parameters: «,, ¢z, o,and 4, .

The new symmetries were extended to include automatically new physics phenomena’s.

Keywords: Star product, Boopp’s shift method, three dimensional pseudo harmonic potential, Noncommutative space
and Noncommutative phase.

Resumen
En este trabajo, obtuvimos las soluciones modificadas de los estados bound para tres potenciales dimensionales
pseudoarménicos tanto para tres espacios y fases dimensionales no conmutativos. Demostramos el nuevo hamiltoniano
anisotropico no conmutativo que contiene tres términos. EI primero es el hamiltoniano usual en una mecénica cuantica
ordinaria. El primer término nuevo describe la interaccion spin-orbital; mientras que el segundo término nuevo describe
el efecto modificado de Zeeman. Se ha observado que el espectro energético en una mecénica cuantica ordinaria fue
cambiado y reemplazado por nuevos estados degenerados, dependiendo de los nuevos nimeros cuanticos discretos: m,
l, jy s== 1/2. Ademas de cuatro parametros infinitesimales: «,, £2, @, Y 6, . Las nuevas simetrias fueron extendidas

para incluir autométicamente nuevos fendmenos fisicos.

Palabras clave: Producto Star, Metodo de derivada de Boopp, Potenciales dimensionales pseudoarmdnicos, espacio no

commutativo, fase no commutativa.

PACS: 11.10.Nx, 32.30-r, 03.65-w

I. INTRODUCTION

The central potentials have been studied in various fields of
material sciences, nuclear physics, quantum molecules by
using relativistic Klein-Gordon equation, Dirac equation and
non-relativistic Schrédinger equation in commutative and
noncommutative two and three-dimensional space and phase
[1-44]. The Schrodinger equation rest major sources of
principal information’s and it consider as a big revolution
like general relativity and special relativity for describing
physics phenomena at microscopic (Planks scales) and
macroscopic scales (the planets movements). In another
hand, the notions of noncommutativity of space and phase,
will be another big modern revolution to gives the profound
interpretations in different fields. Based essentially on
Seiberg-Witten map and Boopp's shift method and the star
product, depended on the antisymmetric infinitesimal
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parameters  (6%“*and@”") and equals %g”kak and

%g”k@k, respectively, in first order of two infinitesimal

parameters 6, and O« , the new star product defined as [23-
43]:

(x)*(x)= 1 (x)*g(x) -0 (a4 () (@ (x)

_izéﬂv (821‘ (x))(agg (x))

As a direct principal’s result of the above equation, the two

new non nulls commutators [x- x-} and [bi,f)jL in the

i
notion of star product:
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|:Xi’xj:|*=i9ij and [f)i,f)jl=i5ij_ 2

In this work, we want to study three dimensional pseudo
harmonic potential in noncommutative 3D space and phase
to discover the new symmetries by apply the Boopp’s shift
method, the Schrodinger equation will be treated by using
directly new product procedure [23-44]:

[%,%]=ig;and [pi, p;]=i05 . 3)

The study of three dimensional pseudo harmonic potential
has relevance in the dynamical properties in solid-state
physics and the history of molecular structures and
interactions [6].

The rest of present search is organized as follows: in next
section, we briefly review the Schrddinger equation with for
pseudo harmonic potential in three dimensional spaces. In
section 3, by applying Boopp's shift method to derive the
deformed Hamiltonians of the Schrddinger equation with
three  dimensional pseudo harmonic  potential in
noncommutative three dimensional space-phases. The forth
section reserved to present the formalism of Boopp’s shift
method and the construction of global noncommutative
Hamiltonian for three dimensional pseudo harmonic
potential.

In the fifth section we apply standard perturbation theory
to find the exact quantum spectrum of the bound states in
(NC-3D) space and phase for studied potential in first order

of two infinitesimal parameters ® and 0. Finally, the

important found results and the conclusions are discussed in
the last section.

1. REVIEW OF PSEDOHARMONIC
POTENTIAL IN THREE DIMENSIONAL

In this section, we review the orthonormalization functions
and energy eigenvalues of three-dimensional pseudo

harmonic potential Vg, (r) [6]:

L or

V3dph (r) = De (L _r_e] . (4)

Where D, is the dissociation energy and r, is the equilibrium
intermolecular separation. The potential (4) can be rewritten
in the form of an isotropic Harmonic oscillator plus inverse
quadratic potential [6]:

b
Vdeh(r):ar2+r—2+c. (5)
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Where a=Dy;2, b =D, and ¢=-2D,, the radial
function (r) in 3-dimensional space for three-dimensional
pseudo harmonic (7 =c =1) is [6]:

2
d ‘Pgr) +zd‘{’(r) N
dr r dr

[E ~Vagen (1) = . J;l)}\y(r):o_.

r

(6)

Where | denote to the orbital angular momentum quantum
numbers. Furthermore, to remove the first derivative from
the above equation, we introduce a new radial function:

R(r) (‘P(r):@),

then, the eq. (6) reduced to the form:

d*R(r) 10 +1)

> {2#(E—v3dph(r))+ > }R(r):o.(7)

dr

The complete orthonormalization functions and energy
eigenvalues in three dimensional spaces for fondamental

state (EZand P°(r)), first excited state ( E,and ¥*(r)) and
p and excited state (Ejand¥P(r)) are given by,

Eys =c+\/27_a(5+2),

respectively [6]:

5+1 (8)
¥o(r)=ar 2 exp( Zayrz).
Ei =C+E(5+4),
i 9)
¥O1(r)= (ao + alrz)r 2 exp(«;’Za,urz).
E) =c+\/%(2p+5+2),
§+£ (10)
PP (r)=(a0 +ar’ +....apr2p)r 2 exp( Zayrz).
The constants J, ag and a,are given by [6]:
o= —1+x/2,ub+772 ,
91
3 = 2 ( Zya)ZJr , (11)
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I11. NONCOMMUTATIVE THREE DIMENSIO-
NAL SPACE-PHACE HAMILTONIAN FOR
PSEUDO HARMONIC POTENTIAL

111.A Formalism of Boopp’s shift method

The quantum noncommutative Schrédinger equation, can be
determined by apply the following steps for pseudo
harmonic potential [23, 24, 25, 26,27, 28, 29, 30, 31, 32, 33,
34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44]:

Ordinary Hamiltonian:H(pi,xi)—>
NC-Hamiltonian: H (pi , >‘<i)
Ordinary-complex wave function:

\{,(F) — NC-complex wave function: ¥ (?) (12)

Ordinary-energy: E >

NC — Energy : Enc— ph

Ordinary-product —
New star producr-acting on phace and space: *

Which allow us to writing the three dimensional space-phase
guantum noncommutative Schrédinger equations as follows:

(% )* ¥ (F) =B ¥(F) - (13)
The Boopp’s shift method permutes to reduce the above
equation to the form:

H(p % )PP (r)=E

PP (r). (14)

nc—ph
Here the two X; and p; operators in (NC-3D) phase and
space are given by [23-43]:

0; O

A 1
?pj and pi:pi——Jx (15)

Xi:Xi_ 2 ]

On another hand, the two operators > and p* in (NC-3D)
spaces and phases are given by [37, 39]:

X (16)
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Where L@ and L6 are given by, respectively:

LeE=L0,+L,0,,+L,0
= B 12 a 23 3 13 (17)
LO=L,01+L,0x+L,05.

Where g = 9, based, on the Eq. (17), in the first order of
2

two infinitesimal parameters ® and @ , the two important
terms which will be used to determine the noncommutative
pseudo harmonic potential can be written explicitly, in (NC-
3D) spaces and phases as:

ar?=ar? —aLe®,

b b b (18)
-2 le

i r? o art

The modified pseudo harmonic potential operators V, (¥
in both (NC-3D) phase and space will be written as:

(19)

The three first terms in above equation are given the ordinary
pseudo harmonic potential in 3D spaces, while the rest
terms are proportional’s with two infinitesimals parameters

(® and @) and then gives the terms of perturbations for
pseudo harmonic potential H .. (r,@, 5) in (NC-3D) real

space and phase as:

H pper (r,@,é):(—a+ijf_@)+ﬂ,

20
e @

111.B The second part of noncommutative 3D: RSP
It is possible to replace LOand L6 by2@SL and20SL,

respectively, to obtain the new forms of [ T n(r,(a, 0 ) for
pseudo harmonic potential:

_ b 6 ..
H, .(r®60)=|-a+—F+— |LS. 21
phpen( ) [ ar Zuj (21)
Here §:% denote the spin of electron, in quantum

mechanics, it is possible also to replace (§[) by

-2
(
2

perturbative terms for pseudo harmonic potential:

“2 o2
-L -S ) which allow us to writing the
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th_pen(r,®,¢9)= (— a

-2 -2 -2
Where G2 denote to the%(J -L -S ) As it is known,

this operator traduces the coupling between spin and orbital
-2

-2
momentum. The (J ,L ,
basis on quantum mechanics,

-2
3

k. E;{[l i;](l +%¢1)+|(| +1 —j}

j =1£3 (spin up-spin down), respectively. Then, one can

-2
S and s,) formed complete
then the operator

2 2
-L -S j will be gives 2-eigenvalues

corresponding

form a diagonal matrix an_ph(r,f),G), 5) of order (3x3)
(Hyepnlr. 5.©,0)).,.

(H nc—ph(r' p’®! g))zz and (H nc—ph(r! ri@’ 5))33’ for pSEUdO
harmonic potential in both (NC-3D) phase and space:

with non null elements

A 2 b b 7
(an_ph)11=—5+ar +r—2+c+k+(—a+—4+—j
ifj=|+% = spin up
(H h) =—A+ar2+%+c+k, —a+i4+i
nc—ph/jz2 2u r 4r™  2u
ifj=|—% = spin down

A b .
- ar2 +—+C—> Non — polarised — electron

<H”C*ph)33= 2u r
(23)

I11.C The third part of noncommutative 3D: RSP

In this sub section, we draw another interpretation for the
production of modified three dimensional pseudo harmonic
potential, we consider the two at infinitesimals parameters

(® and @) are the sum of two infinitesimals parameters to
each one as [33-37]:

©=0,+0, and 0=6+0, (24)
The two parameters ©, and @, are arbitrary infinitesimals
constants, then we can introduce an external magnetic field
B as[33-41]:

®,=a,B, 6,=£B and B=Bk. (25

Where ¢, and £, are two new proportional constants,
which allow us to obtain the following results:
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b 4 ). .= b 6| -
—a+—+— L0, +L0 | a)| -a+— +— |+&2 |BL;. (26)
ar’ 2u Ar' 2u

Thus, the second part of noncommutative Hamiltonians
operator for three dimensional pseudo harmonic potential

H oh-mag (r, P, az,;z) can be determined as follows:

th—mag(r’p"aZ’gZ):
b y2) _
a, —a+—4+i +é&2 |Bly
ar*  2u

IN.D The global
Hamiltonian operator

(27)

noncommutative  anisotropic

The previous obtained results permuted to deduce the global
diagonal noncommutative Hamiltonian matrixes

Hue_pn (12 B.©,8 ) of order (3x3), with non null elements:

( H nc—ph )11 ! ( H nc—ph )22 and ( H nc—ph )33

for three dimensional pseudo harmonic potential in both
(NC-3D) phase and space:

A b b &6
(anfph) :7—+ar2+—2+c+k+[7a+—4+—j+
u 2u r " 2u

a,| —a+ b + o te if 1+1 = spin up
a4 — ) 141
2 art  2u 2
A b b 6
(anfph) =——+ar2+—z+c+k,(—a+—4+—j+
2 2 r 4r" 2u

u
[
a,| —a+

o) _
4r4+2,uj+€2JBinfj =|—% = spin down

(28)

A b -
(H h) =—— +ar? +— +c¢ — Non — polarised — electron.
nc=pn /5, 2u 2

After a straightforward calculation, one can show that, the
radial function R(r) satisfied the following the equation, in
(NC-3D: RSP) for three dimensional pseudo harmonic
potential:

R(r)=0.

(29)

V. NONCOMMUTATIVE SPECTRUM

Know, we want to obtain the energies: (E Egneq ) @nd

nc0-up !

http://www.lajpe.org
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down at first order of two infinitesimals parameters (® and
6) ((Hpe_p (1. ﬁ,@,é))lland

(an_ph(r,r),e),?))zz for fundamental state and first

E,.q) Of a particle fermionic with spin up-spin

corresponding

excited state corresponding three dimensional
harmonic potential in both (NC-3D) phase and space:

Encop =C + /% (6+2)+E o (01.6,)

+Eph07mag (®2’§2)

pseudo

Y
Eoog =C+ /% (6+2)+E 04 (0..0,)
+Eph0—mag (®2’§2)'
And
Enci-up =€+ \IZTa (5+4)+ E ph1-up (®1'§1)
+Eph14nag (®2’§2) (31)

> _
EBnci-d =¢+ \ITa (5+4)~+ EphlA:i (®1"91)

+E phl—mag (®2 ’ 52 )

Where:

(EphOﬂp (®1’91) ! EphOﬂ'j (®1'61)’

EphO—mag (®2§2)) and ( Ephl—up ((91,51),

Ephl{i (®1'§1) ' EphlJmag (®27€2))'

are the exact modifications of spin-orbital (up-down) and
magnetic for the three dimensional pseudo harmonic
potential corresponding fundamental state and first excited
state, respectively.

V.A Noncommutative spin-orbital spectrum

To obtain the exact noncommutative spin-orbital
modifications of energy E .o ., (©1.6,), Egoq(©,.6;) for

three dimensional pseudo harmonic potential corresponding
fundamental states, we apply the standard perturbations
theory:

EphO—up (®1’§l)
—pro-wpt L
eo| ke
E pho-d (Y

+0 b )
R [ r25+1exp(2 Zayrz)(a®+j®+jr2dr.
‘ao‘ K 0 ar 2u

+00 b )
=] r25+1exp(2 Zayrz) -a0+—7 0+ — r2dr
0 4r 2u

(32)
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It’s convenient to rewrite the two above equations as

follows:
Epho*‘p (91,51):‘30‘2 k+ _@a+i Lsol_®E Lsoz
24 4 33)
_ 2 g b
E oo (©1,8) |2 k{(‘@’a*zJLsm—@stﬂ)}

Where:
+00

L, = (j) r" exp(—ﬁrz)dr

sol

(34)
+0
Lo = | 1™ exp(—pr? Jdr.
0

With m; =26 +3, m, =26 -1 and 8 = —-2\/2au . Know we
apply the special integral [38]:

F(M,ﬂxnj
Jox= )

m+1

nﬂT

—+00

(j) x" exp(—ﬂx” (35)

m+1 :
Where F(—,ﬂx"] denote to the incomplete Gamma
n

function. After straightforward calculations, we can obtain
the results:

r(5+1,—2 2a,u)

sol

2(~22au )5+2

and (36)

r(5,—2 2a,u)

2(—2 2au )‘) '

S02

For the first excited states, the exact noncommutative spin-
orbital  modifications  of  energy E ; ,(©,,8,),

Egua(®,.6) of three dimensional pseudo harmonic
potential:

2
r25+1

E phi—up (@1,51) =k +go (ao + alrz) exp(2 2a,ur2)

[ a® jb ® o r2dr
—_a® + b
4r 2u

2
I_25+1

Eph1-d (©1.4) = "—+§o(ao + aer) eXD(Z Zaurz)

[ a@)+ﬁ(b O+ o r2dr
4r 2u

@37)

http://www.lajpe.org



Abdelmadjid Maireche
A direct simplification gives:

2.2 2.6 4
Jool @ F°+a, 1 +2a.ar o
k J( i )[(i—a®j+%®]dr
r

0 rz"“exp(2 2a,ur2) 2p

+oo(a02r2 +ar’ +2a0a1r4) 7 b
k_ —-a0 +4—4® dr.
r

(J) p2ot exp(z Zayrz) 2u

thp (®l"9 )

Ephm (®1'§1):

(38)

It’s convenient to rewrite the two above equations as
follows:

0
(_G)a + 2_j( Lsos + LsoS + Lso7 )
0 H
Ethp (91'91):k+ b
—@Z(LS04 Fl+ Lsog)
(39)

0
_ [_G)a + 2_j( Lso3 + L505 + Lso7)
E pnor-d (®1,t91) =k- b g
_®Z(Lso4 + LsoG + Lsos)

Where:

too |
Loys =y j r 3exp(—,ﬁrz)dr

ba0

Los j r"™ exp(—pr’ Jor

=2 ' 1™ exp(-pn
ba1 I ™ exp(—pr i (40)
L., =2a,a, (j) r" exp(—pr’ Jdr

With m, =25+3, m, =25-1, m; =25+7, my =25 +1,

m,=26+5, mg=25+1 andf=-2\2au. Know we
apply the special integral (35), we obtains:
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Caf T(6+2pr) a2 T(s,pr%)
2 (-2 2ay)M’ A (-2 2au)5
2
G I Y B
2 (—2 2a,u> 8 (—2 Za,u)
r2(s+3,pr?) _baga, r(s,pr)
= e ar—
(—2 Zaﬂ) (2 Zay)

s05

I‘so7 = aOal

Which allow us to obtaining the exact noncommutative spin-

orbital  modifications  of  energyE ;. (©,.6,),

Enoa (©,.6,) of fundamental states and first excited states

Epnop (©1.6) and ®,,6,)for the studied
potential.

phOAJp (

V.B Noncommutative magnetic spectrum

Furthermore, to obtain, the exact noncommutative magnetic
modifications ~ of  energy  E,o . (©,.6,) and
E ph1 mag (@2,672) for three dimensional pseudo harmonic
potential of fundamental states and first excited states, its
sufficient to replace: (k. , k_), ©, and 6, in the Equations

(33) and (39) by the following parameters: m, a, and &,
respectively:

_ £ b
Eph04nag (®2'92 ) = |a0|2 m{[_a2a+ ;_;J Lsol —0,— Lsoz}

&2
_ [_aZa + ZJ(LSUS + LsoS + Lso7) (42)

Ephl—mag (®2'02):m b
-, Z(LSO4 + Lsoe + LSUB)

Where I <m <+l then we can be fixed 2"+ values
correspond the magnetic effects. Know, we can resumed the
global spectrum for three dimensional pseudo harmonic
potential of a particle fermionic with spin up, spin down and
non polarized at first order of two infinitesimals parameters

(® and @) corresponding (an,ph)H, (anfph)zz and

(an_ph)33 in both (NC-3D) phase and space for
fundamental state and first excited state, respectively:

http://www.lajpe.org
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and

0
5 [_®a+zﬂj(l‘soa + LsoS + Lso7)
a
Eretap :c+\E(§+4)+k+

S04

b
-0—(L,,, +L, +L
4( + 506+ 508) (441)

(LSOS + LsoE + L507)

&
[—aza + ?
+m #

b
—azZ(L +Lgs + L)

504 506

[_®a+i](l‘503 + LsoS + Lso7)
Epg=C+ 22’1(5+4)+k_ 2u

nel- u b
_®Z( L504 + Lsos + Lsos)

(44.2)

&2

[_aza + _j(l‘sw + L505 + Lso7)
2u

+m

b
—a, Z( L504 + Lsoe + Lsos)

Eppton :c+\/27_a(5+4).

(44.3)

As well known, we have two possible values of total
momentums j =1+ (spin up-spin down), thus every state

in usually 3D of energy for three dimensional pseudo
harmonic potential in NC (3D-SP) phase and space will be:
2(21 +1) sub-states.
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VI. CONCLUSIONS

In both noncommutative three dimensional spaces and
phases, the Schrddinger equations with three dimensional
pseudo harmonic potential has been solved by using the
Boopp’s shift method and standard perturbation theory. The
noncommutative modification of energy eigenvalues for
three dimensional pseudo harmonic potential have been
obtained exactly corresponding three modes (spin: up-down
at high energy) depended with discreet quantum numbers m,

, in addition to four infinitesimal parameters o, e, 0,

and §1,While the third mode unchanged energy (in low

energy). The obtained gquantum atomic spectrum changed
totally, every state in usually 3D space replaced by 2(21 +1)

sub-states for three dimensional pseudo harmonic potential.
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