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Abstract

The Hartree-Fock method for calculating the wavefunctions and energies of many-electron systems provides exceptional
insights into the nature of atoms, molecules, and solids. It can be used to explain how properties are related to each other,
how they can be calculated, how they can be qualitatively understood in a conceptual way, as well as compared to
experiment. We show that the theory can be taught with only the introductory quantum mechanics taught in Modern
Physics, plus ancillary courses as prerequisites; i.e., to third year physics and chemistry undergraduates. We propose a
project-based course on Hartree-Fock theory, appropriate for students who have not yet had a full course in quantum
mechanics. Calculations can be done on a PC.

Keywords: Hartree-Fock (HF) theory, Pre-quantum mechanics course, Group projects.

Resumen
El método de Hartree-Fock para calcular las funciones de onda y las energias de sistemas de muchos electrones
proporciona informacién excepcional sobre la naturaleza de los 4&tomos, las moléculas y los s6lidos. Permite explicar
cémo se relacionan las propiedades entre si, como se pueden calcular, cémo se pueden comprender cualitativamente de
forma conceptual y como se pueden comparar con los resultados experimentales. Demostramos que la teoria se puede
ensefiar con solo los conocimientos basicos de mecéanica cuéantica impartidos en Fisica Moderna, mas cursos
complementarios como prerrequisitos; es decir, a estudiantes de tercer afio de fisica y quimica. Proponemos un curso
basado en proyectos sobre la teoria de Hartree-Fock, adecuado para estudiantes que ain no han cursado un programa

completo de mecénica cuéantica. Los calculos se pueden realizar en un ordenador.

Palabras clave: Teoria de Hartree-Fock (HF), Curso de pre-mecénica cuéntica, Proyectos grupales.

In memoriam

We would like to dedicate this paper to the memory of Professor
Charlotte Froese-Fisher, who dedicated her career to expanding our
ability to determine and to understand atomic structure. In
recognition of her efforts, the American Physical Society offers the
Charlotte Froese Fisher Mid-Career Award in Computational
Physics.

1. INTRODUCTION

Hartree-Fock (HF) theory, one form of a self-consistent field
(SCF) theory for the wave function of atoms and molecules,
has long been of interest to physics and physical chemistry
researchers. The Journal of Chemical Physics, for example,
has published close to 1,000 articles on HF theory. It has also
been the subject of course design and implementation by
physics and chemistry educators. Scores of articles have
appeared in the American Journal of Physics [1]and the
Journal of Chemical Education [2]. Often a full course in
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quantum mechanics is assumed to be a prerequisite. But this
need not always be the case [3]. Together with standard
courses such as Classical Mechanics, Differential Equations,
and Linear Algebra, a Modern Physics course suffices. In all
Modern Physics courses, students are introduced to the
elements of quantum mechanics, including a description of
the shell structure of atoms. (Some include explicit discussion
of the Hamiltonian [4].) However, the calculation of their
properties, with the exception of the hydrogen atom, is usually
deferred until an upper level course in quantum mechanics.
But the general structure of atoms can be taught before a
quantum mechanics course, using HF theory.

A caveat: There is a danger in describing and teaching
methods that have a strong element of computation. It can and
has happened that people will learn how to input the
computational parameters and believe that they understand
the underlying physical and chemical principles behind the
computation, when in fact, all that they understand is how to
prepare input. Our intent for the proposed course is to directly
connect the computational methods to the physical content of
the calculated values. That is why we have chosen to focus on
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atoms, rather than molecules and solids, since there are fewer
parameters in the theoretical description of atoms, hence
fewer distractions from the fundamental physical properties of
the theoretical models. Furthermore, atomic structure is, in
itself, one of the most important and solid accomplishments
of theoretical physics in the 20" century[5].

In Section Il we explain HF theory. We show how it can
be used to calculate the detailed structure of atoms, without
recourse to any guantum mechanics except that taught in
Modern Physics. In Section I1l, we outline the course. In
Section IV we describe a relativistic extension: Dirac-Fock
Theory. In Section V we describe how the method can be
extended to calculation of molecules and solids.

Il. THE HARTREE-FOCK MODEL

Although the HF model does not give precise analytic values,
it is in many respects the foundation for our understanding of
the properties of multi-electron systems. The model provides
approximate solutions to the Schrédinger Equation by
assuming that each electron in an atom or ion moves in the
average potential of all the other electrons, and what each
electron provides to the field matches that which it
experiences from the field.

The calculations are iterative. Two principles are imposed:
1. The variational principle [6], applied to the total energy of
the system. This leads to the HF equations for the orbitals.
These are coupled integro-differential equations which
depend on the orbitals that are their solutions.

2. Self-consistency. The wave function must be self-
consistent in the sense that the final input orbitals used to form
the HF equations are the same, within some convergence
threshold, as the orbitals that are the solutions to the equations.

The usual HF model begins with the assumption that the
total N-electron wave function is based on a single
configuration; i.e., a single set of occupations of the atomic
shells.

Atomic wave functions must satisfy the Pauli exclusion
principle. This means that they must be antisymmetric under
exchange of electron coordinates. The simplest example is the
helium atom, where

w(r) = 22 {a(1) @o(2) - @o(1) a(2)}.

(Keep in mind that the r; include spin as well space
coordinates, although spin does not appear in the Schrédinger
Equation; it is an add-on to the wave function.) Note that this
is a determinant. By extension to N-electron atoms, the
antisymmetry property is obtained by writing the total wave
function v as a single or a combination of a few so-called
Slater determinants. A Slater determinant is shown
schematically in Eq. (1). The letters for the rows label the
orbitals and the numbers for the columns label the electrons.
(Hartree didn’t do this. His wave functions were simply
products of orbitals. The correction to an antisymmetric wave
function was provided by Fock [7], whence “Hartree-Fock™.)
The effect of antisymmetrization is to add to the Coulomb
potential an additional term called the exchange potential.
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¢a(1)  a2)...

w(r)=(N1)22 oo(1)  u(2)...

Slater determinant Q)
There are two approaches that are commonly used to solve the
HF equations; one is described as numerical and the other as
analytic. For the numerical solutions, one directly solves the
coupled equations. No form is imposed on the individual
electron orbitals and they are “exact” solutions of the HF
equations, to within the self-consistency condition [8]. The
analytic approach [9] assumes that the ¢’s are weighted sums
of analytic basis functions [10]. It has the constraint that it is
necessary to select a limited but hopefully good set of basis
functions. While the calculations are simpler than for the
numerical case, a risk is that the choice of basis may not be
very good. Although much of what we shall present is true for
both numerical and analytic HF, we shall restrict our
discussion to the former. For the HF wavefunctions of closed
shell systems (and some open-shell systems), the
wavefunction is a single Slater determinant. For general open-
shell systems, the wavefunction is a combination of a few
Slater determinants. For HF wavefunctions where the angular
momentum symmetry is preserved, the coefficients of the
determinants are chosen so that the wavefunction is a member
of a multiplet 25*L, with exact orbital and spin angular
momentum quantum numbers. The HF equations are derived
for this form of the wavefunction.

The approach for the solution of the HF equations is as
follows:
1. Assume the central field approximation, where each
electron sees the nucleus screened by a spherical cloud of the
other electrons. Then, as is the case for the hydrogen atom, the
angular part of each orbital can be separated out as a spherical
harmonic. Only the radial part R(r) must be obtained. This
simplification leads the HF equations to be in only one
dimension, r, the radial distance from the nucleus.

For each electron under consideration, the effective
Hamiltonian must involve the following:

a. the Coulomb potential of each electron with the
unscreened nucleus;

b. the Coulomb potential of each electron with the others;

c. the effect of antisymmetrization of the wave function.
Simplifying by using atomic units where #, the electron mass
m, and the charge e, are each equal to 1,

Hert 0i(1) = (-V1%/2- ZIny
+ 35 [J 1y (Q)PIriz dva]) @i (1)
- [f 9i"(2) 9i(2)] Iriz dv2]) 9y(1). o)
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The first term is the Hamiltonian of the selected electron in
the field of the unscreened nucleus. The second represents the
electron-electron Coulomb potential. The third is the
exchange potential. 1 and 2 are dummy indices and the sums
are over all occupied orbitals. dv is the volume element. The
orbitals ; are obtained by solving the HF equations:

®3)

It is important to see that the operator in Eq. (2) is not a simple
linear multiplicative operator, because it depends on the
solution to Eq. (3), since the Coulomb and exchange potentials
depend on that solution. This is accomplished by
approximating the Coulomb and exchange operators, using
estimates of the orbital set g;at each stage of the calculation.
In particular, the exchange term is not multiplicative and it is
treated as a function added into the partial differential
equations.
2. Now we turn to how a solution is found that insures that the
assumed ¢’s used to form the operator of Eg. (2) are the same
as the solutions of Eq. (3). This is done by choosing a starting
guess for the individual electron orbitals, as described below.
3. The HF equations are then solved iteratively, starting with
an assumed set of input orbitals @i(input), to yield solutions
ei(output). If these are the same at the final stage, within the
convergence threshold, the HF solution has been obtained. If
the @i(input) and ¢i(output) are not the same within the
convergence threshold, then a linear combination of @i(input)
and i(output) is chosen to start another iteration. The
iterations are repeated until a converged, “self-consistent”
solution has been obtained. The iterations are part of the
programs that calculate the HF solutions.

Typical starting guesses for the first iteration of atomic
HF calculations are:
1. For numerical solutions, an initial trial function for each
orbital is typically chosen to be a “Slater-type orbital” [11],a
screened hydrogenic function. The basic concept of this is that
the effective nuclear charge is reduced from the actual value
to reflect the fact that the electrons screen each other from the
full nuclear charge.
2. The choice of screening should be made on the basis of
physical ideas of how electrons screen the nucleus from other
electrons. A simple way to understand screening can be made
by considering the carbon atom, to which we now turn as an
example. Its ground state configuration 1s?2s?2p?. The 1s
electrons see almost the full nuclear charge of 6. However, the
2s and 2p electrons would see a charge reduced by
approximately 2 since the 1s electrons shield the full nucleus.
This is an oversimplification, since the electron wave
functions overlap, but it does provide a physical basis for how
electrons screen each other. The estimated screening for each
of the orbitals n is based on the concept of the effective
nuclear charge Zesr(nl) =Z- o, where o is the screening for that
electron. Estimated values for C are shown in Table I. (While
the precise choice of screening constants is not critical, a poor
choice may mean that the HF equations will not converge or
that they cannot be solved.) The HF iterations start with the
screened radial functions. Then the iterations proceed as
described above. Note that the orbital occupations and the
screening constants ¢ are normally the only input required to

Hetr @i = &i @i.
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begin a HF calculation. This is important, since the students
preparing the input are not distracted by the need to choose
numerical parameters that do not have a direct physical
meaning.

The resultant self-consistent screening constants are
shown in Table Il. Also given in Table Il are the orbital
energies and the total HF energy for °P, by Pauli exclusion the
lowest lying multiplet of the C atom.

Table I. Input estimates.

Shell o
1s 0.3
25 3.25
2p 3.25

Table I1. Results.

Shell ent (hartrees) c
1s —11.326 0.412
2s —0.706 2.225
2p -0.433 3.084

EtoraL = —37.6886 hartrees [12].

So far, we have considered only the single-configuration
Hartree-Fock model, where each electron moves in the
average field of the others. In order to have a more accurate
wave function, it would be necessary to consider the
instantaneous interaction of the electrons with each other.
There have been numerous attempts to obtain accurate
electronic wavefunctions and energies. Noteworthy early
work was done for the He atom in 1928 [13], and for the H;
molecule in 1968 [14]; the H; theoretical work showed that
the accepted dissociation energy of the molecule was
incorrect. The calculation was impressive in that it was one of
the first times that electronic structure theory was able to
identify an error in an experimental measurement. There are
also several methods now used to obtain excellent
approximations to the exact electron density and the exact
energies, including density functional theory and many body
methods; for example, configuration interaction and coupled
clusters. They are beyond the scope of this paper and the
proposed course. We restrict our discussion to one extension
of the HF method, the multiconfiguration or MCHF method,
whose purpose is to approximate the electron-electron
interaction in the cloud. The general expression for a
multiconfiguration wave function is ymchr =i Ci i, where
each i is a single configuration wave function [15]. An exact
solution would be obtained by using an infinite number of
yi’s; in practice, the number is limited to a few configurations.
Early MCHF calculations were performed in 1939 for the
oxygen atom [16], to simply get a correct ratio of the energy
differences for the lowest terms. MCHF calculations for
carbon obtaining absolute values, not just ratios, were carried
out some thirty years later [17, 18]. A simple example is a two-
configuration wave function for carbon:

WmcHr =C1 1522522p? (3P) +c, 1522p*(3P),
Ci2 + c?=1.

4)
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The variational principle is applied through modification of
the orbitals as well as the weighting coefficients ¢; and c..
Since the single configuration calculation gives a reasonably
good comparison with experiment, an initial estimate might
be c¢i1=1, c;= something fairly small, say 0.15. The input
guesses for ¢; and ¢z do not have to be normalized since the
program normalizes the values. It is satisfactory to use these
ci as initial guesses for the MCHF iterations of the HF
solutions for the 3P multiplet. Table 111 shows the results.

Table 111. Results.

Shell ent (hartrees) c
1s -11.316 0.380
2s -0.721 2.220
2p —0.445 3.064

EtoraL=—37.7060 hartrees; c1=+0.989 c>=—0.149.

The value of Evorar is 0.0174 hartrees (0.47 eV) lower than
that of the single configuration, which is essential to the
variational principle. The configuration weights are as shown.
(The sign change in cz is an artifact of the calculation; it has
no physical meaning.) The addition of the second
configuration, which replaces the 2s orbitals with 2p’s,
slightly modifies the orbital occupation numbers. See Table
Iv.

Table 1V. Shell occupations.

Shell Occupation
1s 2.000
2s 1.956
2p 2.044

Different configurations and/or more of them produce greater
accuracy. Results of MCHF calculations for C, using several
more configurations [19] compared favorably with
experiment.

We emphasize that only minimal input relating to the
atomic state and the convergence of the SCF iterations is
required. The important thing is for the students to understand
the physical meaning of the orbital energies and the screening
parameters. The orbital energies are guides to ionization
potentials and to excitation energies and the screening
parameters indicate the effective nuclear charges seen in the
different shells of the atom.

I11. ACOURSE IN HF THEORY FOR ATOMS

We propose a one-semester course, meeting once or twice a week. It
would be project-based. A project could be carried out by an
individual or small group. An open access user-friendly code [20] is
readily available for calculations, which can be done on a PC.

A. Sample Syllabus

Week 1
Introduction to HF theory: purpose and value
Review
Bohr atom: quantization of energy; shells; Pauli principle
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Week 2
Review
Time-independent Schrddinger equation in 1 dimension

Week 3

Review
Time-independent Schrédinger equation in 3 dimensions
Radial equation for hydrogen
Solution for ground and 1% excited state

Week 4
Hartree-Fock theory for multi-electron atoms
Central force
Screening
ntisymmetry, Pauli principle
Slater determinants
Variational principle for energy

Week 5
In-class HF calculation with simple example: Calculation of ground
and 1% excited states of He

Input

Iterate to self-consistency

Output

Choice of project groups

Week 6
During the week: group work with online assistance by instructor
Calculation of ground and 1% excited states of Li.
Calculation of ground states of C. Determine allowed terms in
class and perform HF calculations out of class.

Week 7

Groups report results for Li and C

List and explanation of suggested projects for multi-electron atoms
and ions

Weeks 8-11
Group project work as decided by students, with advising by
instructor if necessary

Weeks 12-13
Presentations

Week 14
Introduce Dirac-Fock model
Introduce HF for molecules and solids

B. Sample Projects

1. lonization energy for removal of either a core or a valence electron.
Koopmans’ Theorem (KT) [21] states that for closed shell systems,
the negative of the HF orbital energy, —ene, is an approximation to the
ionization energy of an electron in that shell. This “frozen core”
approximation assumes that when the electron is removed, the
remaining system does not change. An improved value can be
obtained from the difference in total energy from a HF calculation
for the configuration of the atom and one for the ion, described as a
ASCF calculation. A model paper [22] compares ASCF and KT
ionization potentials for carbon. While the ASCF ionization potential
is much better than that of the KT when core electrons are removed,
it is usually not the case for valence electrons. Calculations can be
done for numerous atom-ion systems for both core and valence
electrons, and the differences compared.

http://www.lajpe.org



Atomic structure calculations without quantum mechanics: A project-based undergraduate physics course

2. Multiple sequential electron ejections. The same features may be
studied as for the atom-ion systems of Part 1.

3. Iso-electronic sequences. Results of calculations for a neutral atom
Z can be compared with (Z+1)*, (Z+2)**, and so on. Such systems
can be studied starting with single-configuration and continuing on
to multiconfiguration HF. An example is MCHF calculations starting
with low-lying configurations of carbon [23].

4. Simultaneous multi-electron ejections, core and/or valence.

5. The expectation values <r> of each of the orbitals, for atoms and
ions of various Z. These can be compared for iso-electronic
sequences. It is possible to have the students plot the radial functions,
which can be printed as part of the output of the calculation. These
plots have two important advantages. First, they show the students
that they can use the output of computations to gain new insight and
new understandings. Second, they allow the students to compare the
extent of the orbitals to inter-atomic distances in representative
molecules and solids.

6. Negative ions: bound and unbound states.

7. Fine structure. The codes carry out the calculations, which
constitute an introduction to quantities that the Schrédinger Equation
fails to include, such as spin.

8. By setting the Coulomb force between nucleus and electron equal
to the centripetal force of a semi-classical Bohr model, KZes
e2/<r>2=mv?/<r>, we obtain the estimate v~ (kZesr€2/m<r>)2, e and
m are respectively the electron charge and mass, <r> is the 1s orbital
radius obtained from the HF calculation, and k is a constant
depending on the units used. From this we can calculate an
approximation for v/c for the innermost electron, to determine when
the Schrédinger Equation is not appropriate. This is discussed further
in Section IV below.

IV. THE DIRAC-FOCK (DF) MODEL

As per item 8 above, when the velocity of the innermost
electron is a significant fraction of c, the Dirac Equation must
be used. That would have to wait for an introduction to
relativistic quantum mechanics. Nevertheless, students should
be introduced to the DF model, albeit not expected to
implement it in the course. Extensive DF calculations across
the periodic table have been carried out [24]. Fundamental
features of the difference between DF and HF can be
explained in the proposed course. For example, like their
respective progenitors, the DF equations are first order in r,
while the HF equations are second order. Since spin does not
appear in the Schrédinger Hamiltonian, the fine structure can
only be calculated approximately, as in Application 7 above.
By contrast, in the Dirac theory, spin arises naturally. Then the
variational solutions include spin-orbit coupling, and
solutions can be obtained for different total angular
momentum J [25]. Thus, for example, the 3P term of carbon
is split into three levels: 3Po, P, and 3P,. While these levels
can be obtained by spin-orbit coupling rules for the non-
relativistic case, the spin is still an add-on and therefore cannot
be a part of the variational calculation. Applications of the DF
model include calculations of the properties of muonic atoms
[26], hyperfine structure [27], and isomer shifts [28].

V. QUANTUM CHEMISTRY

When the HF method is applied to molecules and solids, it is usually
done using the analytic rather than the numerical approach; i.e., basis
sets are used to define the orbitals. They are chosen because the
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coupled HF equations must be extended from one dimension to three
dimensions for a molecule with general geometry. This leads to
matrix equations rather than the coupled integro-differential
equations of the numerical method. It is standardly used for
calculations of molecular systems, where the dimensions of the
equations increase over the case for atoms and thus become more
difficult to solve. While the solution of the matrix equations is a
rather straightforward diagonalization, it is necessary to select a
limited but hopefully nearly complete set of basis functions. The
calculations are simpler than for the numerical case, but as noted in
Section I, arisk is that the choice of basis may not be very good.

As for the case of Dirac-Fock theory, discussion of molecular
and solid HF calculations will be included in the course, but not
implemented in the projects.

VI. CONCLUSIONS

We have shown that the detailed structure of atoms may be obtained
to a very good approximation by the Hartree-Fock method, using
only the material taught in Modern Physics and ancillary courses.
Students can carry out the calculations and apply the results to real
systems. We have designed a course exemplifying how this can be
accomplished. Students can come to subsequent courses with a sound
background in basic features of atomic structure, upon which they
will be able to build and extend.
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