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Abstract
An approximate new bound state solution of the three-dimensional deformed Schrodinger equation (3D-DSE) under the deformed
phase-space symmetries for the improved standard Coulombic potential model (ISCPM) that is obtained from the combination

of the negative Coulomb potential ( Yo ) with positive Coulomb potential ( ) and some central terms (——— V°+V1 and l(l”)) coupled

with the infinitesimal non- commutatlwty vector @ and the angular momentum operator L yields the coupllng L.0O, |n addition to
the different potential strengths . Using the parametric generalised Bopp's shifts method (PGBSM), the standard independent
time perturbation theory (SPT) method, and an approximation scheme, the analytical energies of the combined potential were
obtained for both symmetries and different quantum numbers. The new non-relativistic energy equation under the SCPM for
hydrogen-related molecules (H2, HCI and LiH) and in the presence of deformation phase-space is dependent on the discrete
atomic quantum numbers (j, [, s and m), the dissociation energy, the equilibrium bond length, and the screening parameter (V, V7,
and «), the deformation phase parameters (8, ¥ and ¢) and the deformation space parameters (8, y and ¢). The resulting energy
equation is used to calculate spin-averaged mass spectra of the heavy mesons under the standard Coulombic potential model and
MSCPM in 3D(NR-QM) and 3D(NR-NCPS) symmetries. Additionally, we have studied composite systems under MSCPM in
3D (NR-NCPS) symmetries. Furthermore, we have calculated the new partition function, from which thermodynamic properties
such as mean energy, specific heat capacity, entropy, and free energy are derived in both three-dimensional non-relativistic
quantum mechanics (3D-NR(QM)) and (3D(NR-NCPS)) symmetries. Notably, the two special cases, representing positive and
negative Coulomb potentials, were treated in 3D (NR-NCPS) for energies and thermodynamic properties. Our current study
promises to apply to various areas of physics, including atomic and molecular physics.

Keywords: Coulombic potential, Phase-space deformation, Generalised Bopp's shift method, Schrddinger equation.

Resumen
Una solucién aproximada de estado ligado nuevo de la ecuacion de Schrodinger deformada tridimensional (3D-DSE) bajo las
simetrias del espacio de fases deformadas para el modelo de potencial de Coulomb estandar mejorado (ISCPM) que se obtiene

de la combinacidn del potencial de Coulomb negativo ( sl ) con el potencial de Coulomb positivo ( h ) y algunos términos

V0+V1 l(l+1)

centrales (——=— ) acoplados con el vector de no conmutatlwdad infinitesimal @ y el operador de momento angular L

produce el acoplamlento L. @, ademas de las diferentes intensidades de potencial a. Usando el método paramétrico generalizado
de desplazamientos de Bopp (PGBSM), el método estandar de teoria de perturbacion de tiempo independiente (SPT), y un
esquema de aproximacion, se obtuvieron las energias analiticas del potencial combinado para ambas simetrias y diferentes
numeros cuanticos. La nueva ecuacion de energia no relativista bajo el SCPM para moléculas relacionadas con el hidrogeno (Hz,
HCl y LiH) y en presencia de un espacio de fases de deformacion depende de los nimeros cuénticos atémicos discretos (j, 1, s
and m), la energia de disociacion, la longitud de enlace de equilibrio y el pardmetro de apantallamiento (V;,V;, y @), los
parametros de fase de deformacion (6, y and ¢) y los parametros del espacio de deformacion (0, y y ¢). La ecuacion de energia
resultante se utiliza para calcular los espectros de masa promediados por espin de los mesones pesados bajo el modelo de potencial
de Coulomb estandar y MSCPM en simetrias 3D(NR-QM) y 3D(NR-NCPS). Adicionalmente, hemos estudiado sistemas
compuestos bajo simetrias MSCPM en 3D (NR-NCPS). Ademas, hemos calculado la nueva funcién de particion, a partir de la
cual se derivan propiedades termodinamicas como la energia media, la capacidad calorifica especifica, la entropia y la energia
libre, tanto en simetrias de mecanica cuantica no relativista tridimensional (3D-NR(QM)) y (3D(NR-NCPS)). Cabe destacar que
los dos casos especiales, que representan potenciales de Coulomb positivos y negativos, se trataron en 3D (NR-NCPS) para el
calculo de energias y propiedades termodinamicas. Nuestro estudio actual promete aplicarse a diversas areas de la fisica,
incluyendo la fisica atémica y molecular.

Palabras clave: Potencial de Coulomb, Deformacién del espacio de fases, Método de desplazamiento de Bopp generalizado,
Ecuacion de Schrodinger.
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I. INTRODUCTION

It is well known that a positive potential, such as the Coulomb
potential (PCP), corresponds to a region of higher potential
energy. In comparison, a negative potential, such as the
attractive Coulomb potential (ACP), is defined as a region
with lower potential energy than at a specified reference point.
The PCP can reproduce the result of the Yukawa potential as
a particular case of the Hellmann potential (HP) as a particular

case. The HP [1, 2], which is a combination of the ACP (_TV"

) and Yukawa potential %exp(—t?r) is used to analyse the

systematisation of energy eigenvalues and to compute bound-
state normalisations and energy levels of neutral atoms [3].
This potential with V; > 0 has been used to study the case of
positive and negative V; [4]. The standard Coulombic
potential (SCP), which is a combination of Coulomb-
Coulomb potentials (PCP and ACP) with different potential
strengths a was first studied by Emeje et al. (2024) [5]. They
obtained, under the nonrelativistic wave equation, the energy
equation, the corresponding unnormalized radial wave
function, and thermodynamic properties using the parametric
Nikiforov-Uvarov  method, with the Green-Aldrich
approximation scheme for the centrifugal term. Furthermore,
the PCP can be obtained as a special case from the Kratzer

potential (KP) [6], which has the form G - 2%) and screened
Kratzer potential (SKP) that has the form G -

2%) exp(—o6r) which was proposed by Ikot et al. [7], while
the ACP can be obtained from the screened Coulomb potential

( —w ) when & - 0[8]. We introduce a newly

suggested potential, which we call the improved standard
Coulombic potential model (ISCPM), which was created by
combining the PCP and ACP with different potential strengths

—Vo+V; 1(l+1 .
a and a few central terms ———and 2(W4) connected with the

2r3
angular momentum operator L and the infinitesimal non-
commutativity vector @, which results in the impact of phase-
space deformation. Motivated by the work of [5], we suggest
the NC effect on the bound state energies and thermodynamic
properties of the improved standard Coulombic potential
model arising from the deformed phase-space in the context
of 3D(NR-NCPS) symmetries. To our knowledge, no
literature review has been done on this kind of investigation.
This work will focus on the improved standard Coulombic
potential model within the 3D (NR-NCPS) symmetry
framework. The combined potentials V,.(d) under
investigation are represented as

=Vot+V1

i
Voe(d) = Vee (1) — (Zr—3+ )

2ur#

)L.@ +0(6%). (1)

Here, the standard Coulombic potential (SCP) in the form of
this work, in 3D(NR-QM) regimes, is represented as [5]:

_ _VO +V1

Vo) = ———,

2
where V;, and V; are the potential strengths that determine the
depth of the potential. The internuclear separations in the 3D-
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NCPS and 3D-QM symmetries are represented by (d and r),
respectively. The scalar product of the infinitesimal non-
commutativity vector ® and the angular momentum operator
L yields the coupling L.® = L.® that is equal to (LyB1, +
Ly0,3 + L,01,)/2. As for the symbol 0(6?), it means
ignoring the terms that start from 2 and above. It is worth
noting previous studies, both directly and indirectly related to
the topic of our current research. Let us first refer to our
personal research on the symmetries of relativistic and non-
relativistic NC quantum mechanics [9, 10, 11, 12, 13, 14, 15].
Regarding the research of other researchers in the same
context, we mention several important references [16, 17, 18,

19]. Itis well known that the 3D(NR-QM) is based on the non-
(s,h,i)

commutativity of the generalised coordinates x,™(x;,
x(¢) and p},(t)) and the corresponding momenta pf,s'h'i)(pﬁ,

pr(®and pl(t)) only. While its extension in the non-
commutative quantum mechanics (NCQM) symmetries is
based on other postulates, the first new additive postulate
corresponds to the non-commuting of position-position (See
Eg. (4)) and the non-commuting of momentum-momentum
operators (See Eq. (5)) [20, 21, 22, 23, 24, 25, 26]. Formally,
3D(NR-NCPS) symmetries can be divided into three
categories: the first class corresponds to non-commutative
space-space (NCSS), the second class corresponds to non-
commutative phase-phase (NCPP). In contrast, the third class
corresponds to a hon-commutative phase-space (NCPS). The
work of Connes [26, 27, 28, 29] and Seiberg-Witten [30] was
an important tool in developing new concepts in NCQM
theory and in finding applications in a physical context,
particularly in quantum field theory. It should be noted that
Chaturvedi et al. [31, 32] first formulated the non-relativistic
NCQM in 1993. Several centuries ago, the program to unify
forces began to collect all electric and magnetic forces within
the framework of Maxwell's equations, known as
electromagnetism, which describes how charges change over
time. This program was developed in the last century,
especially around 1967, to include weak interactions, and the
old unification model became the expression of electroweak
interactions (the Glashow-Salam-Weinberg model). In
addition to its success in including strong interactions, the
unification model includes three fundamental interactions,
especially after the Higgs was confirmed. The biggest
problem is that gravitational forces are not involved in this
program. Naturally, the new theory of 3D(NR-NCPS)
symmetries is the strongest candidate for solving this major
problem in unifying all four cosmic forces. 3D(NR-NCPS)
symmetries formalism, based on the new algebra of self-
adjoint differential operators (d5, d(t) and d. (¢)) and (r3,
mlh(t) and mi(t)) that come in three different kinds of
Schrédinger, Heisenberg, and interaction pictures (SP, HP
and IP, in short) in three varieties. These varieties that satisfy
a deformed algebra are the canonical structure variety, the Lie
structure variety, and the quantum plane variety as follows
(QSV, LSV, and QSV, in short) [33, 34, 35, 36, 37, 38, 39,
40, 41, 42, 43, 44]:

[d5, 73] = [di(©), mg (O] = [di(©), mp(0)] = ifersBap,
3
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[ds, d5] = [dE©),di ()] = [di(), d5(©®)] = iy (4
[7s, 73] = [r8(®), mg )] = [16(0), mp(©)] = iap, (5)
with

('Qaﬁﬂﬁaﬁ) = (Saﬁg = Baﬁ,saﬁé = Eliv) :

and
3

(Qup Dup) = 2h‘5 (d$™D, 7MY RS, € LSV, (6b)

and
(p Qap) =
3
Z 8)/( qsnd d(s,h,i)’n_(s,h,i)n_gs,h,i)) : Gag € QPV. (60)
S,y=1

The symbol [Q,S]. is a new commutator, which means
Q.5 —S.0Q), 6, and @W are antisymmetric real constant
(3 x 3) matrices, which satisfy the physical conditions
[64] = €,[0] and [6,,] = ,,[0] are equal to (length)? and

(momenta)?, here (5, 9) are the real non-commutative phase-
space parameters and &,, is the Kronecker symbol. The
indices a and B can both take values (1, 2,3) , and ¢,,, is just
an antisymmetric tensor operator that is satisfied ¢,, =
—&, =1 for u#v and g, =0. The effective Planck

constant i, is equal to the corresponding values # plus %"h
that is present the impact of phase-space deformation on
commutators [x>"”, p&™Y], that known in 3D(NR-QM)
symmetries. To simplify the writing of mathematical
equations, we have adopted the most commonly used natural
units, setting both the reduced Planck constant / and the speed
of light ¢ in a vacuum equal to one. In 3D(NR-NCPS) and
3D(NR-QM) symmetries, the deformed generalized
coordinates d™? (ds,d"(t) and di(t)) and deformed
generalizing momentums &P ( 7S, m(t) and 7L (t)) and
the corresponding operators in 3D(NR-QM) symmetries
O (xg, 2 (t) and xi(0) and pS(ps, pR(t) and
pu(t))) satlsfled the uncertainty relation that corresponds to
Eq. (3) becomes:

|A (shl)A (shl)|> |Ad(shz)A (shl)|>heff5a5

(7

Nonetheless, a new uncertainty relation is shown through Egs.
(4)and (5)J

(shi) 4 (s,h,0) =(1)

|4dg" adg"" 0| = 54,

|Ar &Sm0 an 0| 2 8.

®
For QSV, LSV and QsV (£, 1)) are equal to, respectively

af’“ap
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(2(255.25) = (6.8)leapl.
2(5&)'5&2{5’)) (Puvs Vap) -
| (Gap Ee) = (Laps ).

€))

with (@44, 7ap) and (Lap, aqp) are equal to the average
values:

(q)aﬁ: yaﬁ)
2NN a0

(Lap) @ap) =
3

¥ (((ngdl(is,h,i)d‘(}s,h,i))> <(Gé‘; ISshL) (Shl.))>) (11

v

3

=5(I{(x

and

There is no equivalent in the current literature (3D(NR-QM)
symmetries) for the novel subdivided three-uncertainty
relations in Eq. (8). We have extended the modified equal-
time non-commutative canonical commutation relations in
3D-NCPS symmetries to include the standard Schrodinger,
Heisenberg, and interaction pictures. The new deformed
scalar product f(x,p) * h(x,p) = f = h is defined by the
Weyl-Moyal * product for a canonical structure variety
expressed as [44, 45, 46, 47, 48, 49, 50, 51]:

i a")+0(92)+0( )

ap* oph
(12)
We must preserve the new expectation relation in the 3D(NR-
NCPS) regimes, respectively:

09Baf an . B
ax® axP

FWIALNW)s =1 (PIAR DI =] (P|4LO]¥)P¢ . (13)

For the new canonical operators 0 L (£)/0R.(t) (in HP) and

Ogm/Oxc (in SP) in the context of 3D(NR QM) and 3D(NR-
NCPS) regimes, we therefore have

i ;
Ok, () = exp (E H3eT ) O3 €xp ( - HggiT), (14)

'HSCT
ad > (15)
ho

and
iH¢

T o;
> am €XD

Here Hgyn and Hyc are the non-relativistic Hamiltonian
operators of the improved standard Coulombic potential and
the standard Coulombic potential models in 3D(NR-QM) and
3D(NR-NCPS) symmetry and T =t — t,, . This enables the
creation of two scales of space and phase ceIIs with volumes

63/2 and 8. The second component (— 2=~ Zf aaxhﬁ) of Eq.
(15) represents the physical consequences of phase-space

non- commutativity, while  the  third  component

19 af oh .
(= 2 op% ap ——3) represents the physical consequences of

phase-phase non-commutativity. The following outlines the
remainder of the paper: An overview of the 3D-SE within the
framework of the standard Coulombic potential model is

http://www.lajpe.org
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given in Section II. Sect. Il investigates the 3D-DSE using
the well-recognised generalised Bopp's shifts approach to
determine the effective potential of the improved standard
Coulombic potential model. Additionally, we determine the
corrected non-relativistic energy produced by the influence of
the perturbed effective potential Z2™*(r) of the improved
standard Coulombic potential model using conventional
perturbation theory. Using the improved standard Coulombic
potential model, we obtain the global modified energies for
non-relativistic particles, including heterogeneous diatomic
molecules (HCI and LiH) and the homogeneous diatomic
molecule H2. Section IV studies spin-averaged mass spectra
of the heavy mesons under the improved standard Coulombic
potential model in 3D(NR-QM) and 3D(NR-NCPS)
symmetries, while the next section is devoted to studying the
improved standard Coulombic potential model homogeneous
and heterogeneous composite systems in 3D(NR-NCPS)
symmetries. The impact of phase-space deformation on the
thermal characteristics of the modified standard Coulombic
potential, including partition function, mean energy, free
energy, specific heat, and entropy, is the subject of Section
VI, including the special cases related to energy in the
extended phase-space framework, also include the overall
thermodynamic properties in the extended phase-space
through appropriate substitutions for each case. Finally,
succinct closing remarks are provided in the last part.

Il. A SUMMARY OF SE IN THE 3D(NR-QM)
SYMMETRY FOR SCP MODEL

In the framework of three-dimensional non-relativistic
quantum mechanics (3D(NR-QM)), it is helpful to recall the
eigenvalues and corresponding eigenfunctions under the
influence of the standard Coulombic potential to build a
physical model describing a system interacting with the
improved standard Coulombic potential model in 3D(NR-
NCPS) regimes. The radial SE for the standard Coulombic
potential model can be written as follows:

d2 _VO + V1
(Ez+2“(5f“—7—_

l+1
2ur?

))me)=0(w)

The diatomic molecules (Hz, HCI and LiH) are composed of
two particles (m, and m,) that have a reduced mass u is equal

to mmi":j . The value E;{ are the non-relativistic eigenvalues,
1 2

(n, 1) are represented by the principal quantum number and
spin-orbit quantum number, respectively. Emeje et al., in Ref.
[5], apply the NU method to obtain the expression of the radial
part R, (r) as a function of Jacobi polynomials

2 [-12,2 /1+4e.,11°2
(hypergeometric polynomials) Pn( \/71 l )(1 — 2x)
as follows:

1 102

—A2 11
Ry (r) = Nyl ™1 (1 — 502 2450
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2 102
<2 —4%,2 /1+4snl >
P

A (1-2x) (17)

Here, the variable x is equal to exp(—ar) while A2, A%, €192

and N,,; are given by:

0 2.“ 157:;: 1 2#(2 ‘rﬁ: + aVO - aVl)
Apy = — PR = a2 (18a)
Aoy = My = Ap = L+ 1), e0)° = Ay — Ay — A%,

while the normalised constant N,,; is determined from:

- r(n+2+2/=4%)

ntr(2 +2/=42)

1/2
[ 20m!1"(n+2+2 /—Afll>1"<2n+2+2 —Afll> ]

2( [-A2 4142 1+451°2>
l2< nr nt F<n+1+2 ,—A1211>F<n+2 —A,2”>

(18b)

Since the standard Coulombic potential model has an
isotropic property (dependent only on r), this allows the
complex wave function ¥ (r, 25, t) to be of the known forms

Bl vl () exp(—iEt) with (1=0,n—1 and me

[—I|I, +111]). Hence, we can conclude the complete complex
wave function ¥ (r, 25, t) in usual 3D-RQM symmetries as,

1.1 102
2 1.1
_Anl 2+2 1+4—£nl

x
_ _ipscy
¥Y(x,05,t) = Ny exp(—iEpt) r 1-x)

(2 /—Azl,z 1+481(L’2>
prv " “a

If we use the definition of Jacobi polynomials Pn(“'b)(l — 2x)

—20Y"(25) (19)

'h+a+1)
(ab)rq _ — -
B =2%) n!'T'(a+1)

JF(—n,a+b+n+1;1+a;x) (20)
We rewrite the complex wave function ¥(r,0,¢,t) as a

function of the hypergeometric polynomials ,F; in usual 3D-
NRQM symmetries as,

PR 1.1 102
V00.8.0 = omcisg S b

2Py (—n 2 =42 + 2T+ 4l +n+ 11+
2J=A2;x) Y"(05)  (21)

nl’

r(n+2y=4%, +1)

ntr(2=4%, +1)

with

sc _
an — Ynl

(22)

While the corresponding energy values E;5 (n, V,, V;, a) of the
SCP model in 3D(NR-QM) regimes can be represented in a
closed and compact form as

http://www.lajpe.org
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E‘zlc(ni VO’ Vl, a) =

ApAZ
Ao+ 24500 — ( 2 App?), (23)
with A, A, and A, are respectively:
a?l(l+ 1)
Ag = a(VH"VB)4'———E;r——n
Ay = o
(v 4)
2uV; =V,
A, = 11+ 1) +¥,

andp=n+1+1.

It is helpful in briefly studying the total energy of each of the
fundamental states Ej; corresponding to the quantum
numbers (n = 0,1, m), as well as the first excited state E;}
corresponding to the quantum numbers (n = 1,1, m), where
Eq. (24) in these two cases becomes as follows:

sc Ab/lg 2
E()l = Aa + 2AbAC - m + Ab(l + 1) )
AbAZ (25)
IkEff = A, + 24,4, — (m + A, + 2)2>.

When an electron transitions from an excited state, described
as a quantum state (n = 1,1,m), to the fundamental state,
described as a quantum state (n = 0,[,m), it will emit or
absorb electromagnetic radiation, the frequency w;{ of which
is determined by the following relation:

wpi = |E{F = Egi |- (26)

A simple calculation gives the emitted or absorbed

electromagnetic radiation &% in the context of 3D(NR-QM)
symmetry as follows:

1
wpi = ApAg (m -

ﬁ) + AU+ 2)2 -+ 1)2)_
@7

The following section will investigate the improved standard
Coulombic potential model in 3D(NR-NCPS) symmetries.

I11. INVESTIGATION OF DSE SOLUTIONS IN
THE 3D(NR-NCPS) REGIME UNDER THE ISCP
MODEL

A. Investigating GBSM

The principal approaches to resolving the impact of the (NR-
NC) phase-space on the SE, utilising the improved standard
Coulombic potential (ISCP) model, will be discussed in this
subsection. The novel notions mentioned in the introduction are
explicitly identified in Egs. (3), (4), (5) and (12) are considered
in new relationships described by new non-commutative
canonical commutation relations (NNCCCRs) and the concept
Lat. Am. J. Phys. Educ. Vol. 20, No. 1, March, 2026
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of the Weyl-Moyal star product. We may rewrite the usual
radial SE in Eq. (16) in 3D(NR-NCPS) using these data as
follows:

d2
(dr2
Researchers seeking to solve the four fundamental equations
(Schrédinger, Klein-Gordon, Dirac, and the Duffin-Kemmer-
Petiau) and incorporate non-commutative quantum principles
rely on two equivalent methods. The first method is represented
by reformulating the different new physical fields in the NC-
quantum group, such as ¥,,; (Dirac spinor), @,,; (Klein-Gordon
field operator), e; (Virbien in quantum gravity), Fgz
(electromagnetic antisymmetric tensor in U (1) symmetry) and
others in terms of their corresponding physical fields in the
usual quantum group ( ¥, @, €/, Fop and others among), in
proportion to the NC parameters @ (6,,, 8,3, 6:3)/2, which is
similar to the Taylor development [51, 52, 53, 54, 55, 56],
whereas the second method is represented by reformulating the
non-commutative operator ( ¢ and ) with its view of the
quantum operators (x and p) known. When employing either of
them, the physical outcomes are expected to be identical. F.
Bopp introduced a new quantisation rule (x and p) =(d = x —

Lo, and w = p+ iax) instead of the standard correspondence
2 P 2

+ 2u(Ey — 2

)> * Ry (r) = 0.(28)

(x and p)—( d = x and d = p +-3,), which is known as the
generalised Bopp's shifting method (GBSM) [57, 58, 59, 60,
61]. This quantisation method is known to researchers as Bopp
quantisation [60]. The Weyl-Moyal star product f(x,p) *

g(x,p) promotes GBSM by being replaced by f(d = x — éap,

T=p+ %ax)* g(x,p) [61]. As a result, we may obtain
transformations from the Weyl-Moyal star product () to the

typical product using the improved standard Coulombic
potential model, as shown below.

—VotVy 1041 _[(~Vo+vy 1(1+1
(%' 2’”2) * Rnl(r) = ( (ii 1 ’ Zp.dz) Rnl(r): (29)

and
2 2

p s
ﬂ * Ry (r) = ZRnl(r)-

(30)

We should inform the reader that the generalised Bopp's shift
method succeeded when applied to the four fundamental
equations, classified by spin (integer, half-integer, or zero) and
energy (low or high). For the non-relativistic Schrédinger
equation [62, 63, 64, 65, 66, 67, 68, 69] and the other three
relativistic equations represented by the relativistic Klein-
Gordon equation [70, 71, 72, 73, 74, 75, 76], the Dirac equation
[77, 78, 79, 80, 81, 82], and the relativistic Duffin-Kemmer-
Petiau equation [83, 84, 85, 86], GBSM has achieved great
success. It is worth noticing that GBSM allows us to reduce Eq.
(28) to its new simple form:

2 _VO + V1 l(l + 1)

(B - = - ))Rmm:o.@l)

The deformed algebraic structure (new non-commutative
algebra) of covariant canonical non-commutation relations with

http://www.lajpe.org
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the notion of the Weyl-Moyal star product presented in Egs. (3),
(4), and (5) reduce to simple new NNCCCRs as follows:
-First, the reduced new NNCCCRs in the Schrddinger picture:

[dz, T[E] = l'(ga‘g,
[d5, d3] = B, (32)
[rt;, 7'[5] = igaﬁ.

-Second, the reduced new NNCCCRs in the Heisenberg picture:

[qa(t) ﬂg(t)] iaaﬁ:
[ak(®), q3(t)] = iB4p, (33)
[na (®), g (t)] i@aﬁ.

-Third, the reduced new NNCCCRs in the interaction picture:

[d5 (), g5 ()] = B, (34)
[m&(6), mp ()] = i04p.

In 3D(NR-NCPS) symmetries, one possible way of
implementing the algebra defined by Egs. (32), (33) and (34)
are to construct the non-commutative set of variables (d3, g2 (t)
and g5 (t) ) and (3, (t) and 7l (t)) from the corresponding
commutative variables (x;, x/(t) and x}(¢t)) and (p, pjt(t)
and pfl(t)) by employing linear transformations. This can be
generally done by using the Seiberg-Witten map, given by:

di = x5 — 22 p5 + 0(07),

2 (35)
T, =p§+%x§+0(9 ),
and
di(t) = xi(£) = —=py(t) + 0(62),
5 (36)
T () = P + S i@ +0(8),
and
440 = %0 ~ i) + 0(6%),
37N

. . 0., ,
mi(t) =pi () + %x{,(t) +0 (e )

We have applied Einstein's term regarding the addition process
in the above-mentioned equations, where the repeated indices v
once up and once down correspond to the addition process from

1 to 3.This allows us to find the operators (d2, —, 72 and

3 dzl

V. (d)), in the 3D(NR-NCPS) symmetries, are equal to:

d2=72-1.0 + 0(6?),

1 1 LO (38)
= 0(6?),
2ud?  2ur? + 2urt +0(09

and
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n? = p? +L.§+0(52),
—Vo+V, 10V, (39)

— - 2
Vie(d) = — -5 L0 +0(07).

The new coupling L.® is equal to L85 + Ly0,5 + L,0;3.
When we substitute Egs. (38) and (39) into Eq. (31), we get the
following like-SE:

[ sc _VO + Vl “
d? T T
a2 T2 e+ 2427 (r, 0) R () = 0,(40)
2ur? s¢ |
with
1 9V, (r) Il+1
pert sc 2
0] — LO+0(6 41
(r,0) = (y T +0(6%). (41)
The above equation combines the physical characteristics
zlr avzcr(r) and — of the improved standard Coulombic potential

model with the angular momentum operator L, as well as the
topological features generated by phase-space deformations.
After performing the mathematical calculations, one obtains

1 V.
se(r) and 25 s follws:
2r or
1 0Vse(r) . —VotWa
2r or 2r3
w2 p2 L6 —2 (42)
T=li240(0),
2u 2u 2u

As a result of the topological features of the deformation phase-
space, the spontaneously generated term V.5, (r, @) and the
global working Hamiltonian operator H3S(p, x) that is equal to

(p)

the modified kinetic energy plus the effective potential

Vefr-nc(r, @) of the |mproved standard Coulombic potential
model:

HSC(p' ‘r) + Hsgrt(rr @r 5)!

H(r,0,0) =
ert (43)
Vefr(r) + 25 (1, 0).

Vefponc(r, @) =
with

u 2r3 2ur*

[Hggrt(r,@ﬁ) _ LZ._H_ <—Vo +V; + I+ 1)>L 0+0 (02’92)’
j ZE(r,e) = — <_V° LG D) L.© + 0(6%), (44)
{

2r3 2ur*
VotV

- p_
He(p,x) = 2# "

We can express the global effective potential in 3D(NR-NCPS)
symmetries V,"~*/"(r,0) as a function of the corresponding

follows of the effective potential V,<//(r) in the context of
3D(NR-QM) symmetries as:

) Vo+V, ll+1)
ff — yeff 0 1
Vsrclc e r) = Vsi (r) — ( 273 2 >L. ()

+ 0(0?%), (45)
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with
%+m+m+n
T 2ur?

v () =

Furthermore, Eqg. (40) cannot be solved analytically for any
state [ # 0 because of the centrifugal terms ( % riz %3 and %4
and the studied potential itself. In fact, the global Hamiltonian
H3S(r, ©,8) and effective potential Vo' (r, @) given in Eq.
(45) has a strong singularity r — 0; we need to use the suitable
improved approximation of the centrifugal term proposed by
Greene and Aldrich [8] and applied by Emeje et al. [5]. The
radial part of the 3D-DSE with the improved standard
Coulombic potential model contains the previous centrifugal
terms since we assume [ # 0. However, the improved standard
Coulombic potential model is a kind of potential that cannot be
solved exactly when the centrifugal term is taken into account,
unless [ = 0 is assumed. The conventional approximation used
in this paper:

2 2

1 a a
rz2 (1- exp(—a'r))2 (1 —5)?
orx——= 47

r I—exp(—ar) 1-

Thus, performing the calculations, one gets the following
results:

_VO + Vl /_VO + Vl 0(3 \

2prt 2u (1—-x)*
This gives the perturbative effective Hamiltonian H3¢,,(r, 0, 6)

and an effective perturbed potential V2" (r, ©) given in Eq.
(45) as follows:

with T3¢ and T3¢ are given by ~21g% and “CVg

respectively. The potential under study, to become an improved
standard Coulombic potential model in 3D(NR-NCPS)
symmetries, the standard Coulombic potential model is

R . . 1 1

expanded by including new radial terms FEmE and o
Furthermore, the new additive part of the Hamiltonian operator
HSS,.(r,6,0) It also includes two infinitesimal couplings
(L®,L8) that interacted with previous radial terms. This is
logical from a physical point of view because it explains the
interaction between the physical properties of the studied
potential L and the topological properties resulting from the

deformation of phase-space that is described with (@, 8). This
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(46)

2r3 _ 2 (1-x)3
I+ 1) —kl(lﬂ) o ) (48)

T1$C TZSC
Cc
Hs(r,0,0) = <(1_ poE (1_x)4)L 0
L.6 _
g0 (8°.62), (49)
TSC TSC
7P (r, ) = — <(1 _1x)3 ta _Zx)4) L.© + 0(0?).

enables us to treat the new additive part of the Hamiltonian
operator H;grt(r,@,é) as a perturbation operator in the
symmetries of 3D(NR-NCPS) symmetries, compared to the
main potential H,.(r,p) (the parent Hamiltonian operator); the
inequality H3S,,(r,0,8) <« H,.(r,p)has been achieved. All of
the physical arguments for using time-independent perturbation
theory are met. As a result, we can provide a thorough
prescription for estimating the energy level of generalised
(n, I, m)™ excited states.

B. Non-relativistic expectation values under the improved
standard Coulombic potential model in 3D(NR-NCPS)
regimes

Now, we want to apply the independent time standard
perturbative theory, and we find the non-relativistic expectation
sc 1 sc _ 2

(1_x)3>(nlm) =F'and <(1 x)4>( — F?) for the (Hy,
HCI and LiH) diatomic molecules, taking into account the
unperturbed wave functions ¥ (r, 25, t) that we previously saw
in Eq. (21) for 3D(NR-NCPS) symmetries. Following simple
calculations, we obtain the expectation values (F! and F?) in
the first order using standard perturbation theory as follows:

_AZ
NSCZ f
1 -x) 2+1/1+4(Anl A=4%) [Y(n, A2, €192, x)]2dr, (50)

values (<

and
_AZ
NSCZ
=3+ |1+4(aL;-1%,-12 )
(1 _ X) [Y(Tl Anl’ 1027’1 X)] (51)

here Y(n,A%,¢l%%n,x) equal to 2F, (—n,2 —A2, +

2y1+4e? +n+1;14 242 ;x). For the purpose of

evaluating the two integrals referred to in the two equations (51)
and (52), we apply the formulas used by Ahmadov et al. [87]
and Tas et al. [88], and we obtain (See Appendix A):

F'=

el (2 /—Ail>r<n+ /1 + 4102 —2>r<2 /—Afu + 1>
F<n+2 /—A%l+1>1"(n+2\j—/l$ll+\/1+4£}l?2 —2>
F? =
ear (2 /—A§,>r<n+ ,1+£}l?2 —3>r<2 /—Afu + 1)
.(53)
F<n+2 /—A§l+1)r(n+2J—Aﬁl+\/1+4g}£2—3>

Here &1, and 2, are determined in Appendix A.

,(52)

and
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C. The improved standard Coulombic potential model's
effect on non-relativistic energies as a result of phase-space
deformations

What stands out here is the use of our physical methods based
on the principle of superposition to calculate the total non-
relativistic energy under the improved standard Coulombic
potential model in 3D (NR-NCPS) symmetry. As mentioned

before, the total effective potential V,*“"%// (r, @) is the sum of
three potentials V,5¢ (r, 8), l(l“)and VP (r, ©) is responsible

for the creation of total non -relativistic energies within the
context of 3D(NR-NCPS) regimes. Naturally, the effective

potentials V.57 (r) plus l(l:zl) are responsible for the non-

relativistic energies E;; of the SE in the standard Coulombic
potential model in 3D(NR-QM) symmetry, as shown in Eq.
(23), which are dominant in the absence of phase-phase-space
deformations. In 3D(NR-NCPS) symmetries, the naturally
generated  potentials  V2*(r,0)due to  phase-space
deformations, there will be self-sources of corrected non-
relativistic energy. Given that the NC two parameters
0(612,023,013)/2and 8(6,,, 63, 6,5)/2 are arbitrary; we deal
with them on the relevant physical need. To begin, the perturbed
spin-orbit influence can be derived from the perturbed potential
VPt (r, ) corresponding to the (H,, HCI and LiH) diatomic
molecules. The perturbed spin-orbit effective potentials are
obtained by substituting the angular momentum L operator's
coupling with the non-commutative phase-space vectors
0(012,023,015)/2 and 0(605, 0,3,6013)/2 with the new
equivalent couplings as follows:

L.® > OL.S with @ = \/0Z, + 0%, + 0% , (54)

L8 - OL.Swithd = /552 00+ 0.s. (55

We have oriented the spin-s of the (H 2, HCI and LiH) diatomic
molecules to become parallels to the vectors @(6,,, 6,3, 613)/2
and 8(61,,6,3,613)/2, which interacted with the improved
standard Coulombic potential model. The expression for the
perturbed Hamiltonian that we saw in Eq. (44) will then be as
follows:

and

o Tlsc Tzsc 5
H(r,0,0) = ( <(1_x)3 (1_x)4)+ )L S.(56)

The corresponding partially corrected energies AEXN ~59,
obtained by applying the independent time standard
perturbative theory in the first order of phase-space non-
commutativity parameters using the unperturbed complex wave
function in Eq. (21), as follows

nr—so
AEY

f (1,23, OHS (1, 0,0)¥ (r, 25, )r2dQdr. (57)

Here d2 isequal to sin(8)déd¢. Direct simplifications give
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+o0

AERT=s° = [ Ry, (MH(r,0,0)Ry(M)dr.  (58)
0

After performing the mathematical calculations, one obtains:

0
AE_Z]}:T_SO = (0<V>€7€le) (n VOIVD C() + )(L S)(nlm) (59)

Here (V) (nim) (. Vo, V1, @) s the global expectation values that
can be determined from:

I+ Da*

(VO - Vl)a3 Fl _
2p

2

Vim0, Vo, Vi, @) = F2.(60)

The values  (F'(n,V,, Vi, @) and F2(n, Vo, Vy,@))  are
determined from Eqgs. (55) and (56), while the mean value
(L. S)(im) is obtained by applying the following well-known
transformation:

OL.S - 60(J?> — 12 — §%)/2, 61

and

OL.S - 0(J% — 12 —S2)/2. (62)
Because, in 3D(NR-NCPS) symmetry, the operators (Hne, J?,
L?, S%and J, ) can construct a complete set of conserved
physics quantities. Thus, the eigenvalues of the operator

(J? — L2 — S?%) are equal to the values A for homogeneous H2
and heterogeneous (HCI and LiH) diatomic molecules are E
GG+1D-I(l+1)-s(s+1)).Thevaluesj € [|l —s]|, |l + s]]
and the spin-s can be equal to {1/2,0,1,...}. Thus, a directly
result, in 3D(NR-NCPS) symmetries, the partially corrected
energies AE=5°(n, Vo, V3, @, 0,0, j,1,s) = AEZT° produced
by the perturbed effective Hamiltonian H3S,.(r, 6,6) for the

(n, 1, m)™ under the improved standard Coulombic potential
model are determined from the following equation:

[ 2
AES = A (@(V)g;lm) + ﬂ) +0(028).  (63)

The influence of the magnetic perturbative potential, which
causes the effect of the perturbed Hamiltonian H3S,(r,6,6)
under the improved standard Coulombic potential model in the
3D(NR-NCPS) symmetries, is the second significant physical
contribution. This physical action can be achieved by
performing the following transitions:

L.O- yLX, (64)
and

¢
%l

L.6 - (65)

Here, X is the strength of the magnetic field caused by the
influence of phase-space geometry deformation, y, and y are
playing the role of new infinitesimal non-commutativity

parameters. The physical units of [@] = (length)? and [ﬂ =
(momentum)? are equal to [x][X] and [6] = [¥][X],
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respectively and X = Xe,. The second choice emerges from the
fact that the vectors ©(8y2, 6,3,615)/2 and 8(81,0,3,60,5)/2
are arbitrary or that the magnetic field is oriented along the (0z)
axis, which helps simplify quantitative calculations without
changing the physical point of view. The expression for the
perturbed Hamiltonian that we saw in Eq. (44) will then be as
follows:

+ L)L, +0(x27")
(66)

_ TSC TSC
g r 20,20 = X (_X ((1—1x)3 + (1—2x)4)

All of these data allow for the discovery of the new square
energy shift AE..Y (n,V,,Vy,a, x,x,m) for the homogeneous
H, and heterogeneous (HCI and LiH) diatomic molecules due
to the perturbed Zeeman effect produced by the influence of the
improved standard Coulombic potential model for the
(n, [, m)®™" excited state in 3D(NR-NCPS) regimes:

AE;rL‘Ig (n' VO' Vl' a!X!)_(ﬁ m)

2p

After we have completed the first and second steps of self-
production of energy, we will discover another very important
case under the improved standard Coulombic potential model
in 3D (NR-NCPS) symmetries. This new physical phenomenon
is produced automatically under the influence of the perturbed
Hamiltonian H3S,.(r, ©, ). We consider homogeneous H, and
heterogeneous (HCI and LiH) diatomic molecules undergoing
rotation with angular velocity Q . The features of this subjective
phenomenon are determined by replacing the arbitrary vectors
0(012,023,013)/2 and 0(61,,0,3,013)/2 with {Q and {Q.
Allowing us to replace the couplings (L. © and L. 8) with ( L. Q)
and ¢L.Q ).The expression for the perturbed Hamiltonian that
we saw in Eq. (44) will then be as follows:

T1$C TZSC
HE(r,¢,0) = [ <(1 P +(1_x)4>+€ LQ
+0(¢27) (68)

In the above equation, ¢ and ¢ are two real proportional
constants. To make the calculations more straightforward, we
choose a rotating velocity Q parallel to the (Oz) axis Q = Qe,.
This, of course, doesn't significantly change the physical
properties of the problem under study. Thus, the perturbed
previously generated spin-orbit coupling operator L.S will be
transformed into a new physical form as follows:

7S¢ 7S¢ —2
Hsct(r Z Z) = [_ ((1—1x)3 + (1—2x)4) + %] L, + 0 ({2'5 )
(69)
All of this data allows for the discovery of the new corrected
square  energy  AEMTTY(n,V,,Vy,a,{,{,m) of the
homogeneous H; and the heterogeneous (HCI and
LiH)diatomic molecules due to the perturbed Hamiltonian

HEE, (r, d, Z) which is generated automatically by the influence
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i)m +0(x% 7). (67)

of the improved standard Coulombic potential model for the
(n,I,m)t" excited state in 3D(NR-NCPS) symmetries as
follows:

BB = GV ENomy +2) am +0(2,77). (70)

It is essential to acknowledge that the authors of Ref. [89]
investigated rotating isotropic and anisotropic harmonically
confined ultra-cold Fermi gases in two and three dimensions at
zero temperature; however, in this case, the rotational term was
manually added to the Hamiltonian operator, while in our study,
the deformation of phase-space under the improved standard
Coulombic potential model causes the rotation operator
HES, (v, ¢,7) to appear automatically. In the symmetries of the
3D(NR-NCPS) regimes, we apply the principle of physical
superposition to find the physical expression of the total non-
relativistic new energies
ESS(n,Vo,Vy,a,0,%,0,0,%.0,j,l,s,;m) = ESS for  the
homogeneous H; and heterogeneous (HCI and LiH) diatomic
molecules under the improved standard Coulombic potential
model, corresponding to the generalised excited states obtained
as follows

A2
B = Ao+ 28 Ac = (=554 Aup?
+ <V)(nlm)Nsp (6 X C)
+N2"(8,7.3) +0 (620 27 (3T ). (D)

The connection between non-commutative space (0, x, {)/ non-
commutative phase (8,7, ) and the physical properties of the

studied system ( A, X, m )/( 2/1 X ”) can be summarised into

new representations N,” (6, x,¢ ) and NP"(8,%,) that given

by:
NF (0,0 _ 0N+ (YR +70)m -
(rGn) ™ 2+ (2 2)m) O

Since we collected the partial corrective expressions AES? |
AE.? and AETSt that we saw in Eqs. (63), (67), and (70). The

first three parts (A,, 24,4, and — (A”AC + App )) are non-

relativistic energies under the standard Coulombic potential
model obtained from equations of energy in Eq. (23). At the
same time, the remaining terms in Eq. (71) represent the
resulting correction produced from the deformation phase-
space. It is essential to point out that because we have only used
corrections of the first order of infinitesimal NC-parameters
45.(0,x,0) and AL (6,%,7), perturbation theory cannot be
used to find corrections of the second order (62, ¥2,¢?) and
(52,)_(2,?2) It is helpful to briefly study the total energy of each
of the fundamental states Ei(n =
0,Vo, Vi, @, AS, j, AP, 1,5, m) = ES<  corresponding to the
quantum numbers (n = 0,1,m), as weII as the first excited state
EsS(n = 1,Vy, Vi, a, A, j, AR, 1,s,m) = E;< corresponding
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to the quantum numbers (n = 1,1, m ), where Eq.(71) in these
two cases becomes as follows:

Er?gy = E + (V)(Olm)Nsp(Aflc) + Ngh(/lfzc)' (73)
and
Ep? = E5f + (V) NP (450 + NP (AB,). (74)

When an electron transitions from an excited state described by
discrete atomic quantum numbers (n =1,[,m) to the
fundamental state, characterised by discrete atomic quantum
numbers (n = 0,1, m), it will emit or absorb electromagnetic
radiation, the frequency w3S(Vy, Vi, a,AS.,j, Ab.,1,s,m) of
which is determined by the relationship:

w3 (Vo, Vi, @, A3, j, AP, L s,m) = |EndY — Epe|. (75)

‘n.C

A simple calculation gives the emitted or absorbed
electromagnetic radiation w3V, Vi, a, ASe, j, AL, 1, s,m) =
w3, in the context of 3D(NR-NCPS) symmetry, as follows:

wse = wyi(Vo, Vi, @) + NpP (A5 )(AV )5 (76)
Here w;{(V,, V4, @) is the emitted or absorbed electromagnetic

radiation in 3D(NR-QM) symmetry (Eq. (27)), while (4Z):C is
equal to:

<AV>SC = (V>(1[m) (n! VO’ Vll a) - <V>f(§lm) (nl V(]: Vl; a); (77)

with
(V)gflm)

(Vo- Vl)a Fi(n = 0,V Vy, a) — 00 l(l+1)a BDe F2(n, v, Vy, @), (78a)

and
(V)gglm)

WosDe o1y = 1,V,, 1, )_‘(“1)“ F2(n, Vo, V3, @). (78b)

The term N,” (45,.)(4V )35 is traduce the impact of phase-space
deformation on the w3 (V;, Vy, @). This effect can vanish when
NC-(phase-space) parameters (A;.) are simultaneously
reduced to (0,0,0). It is important to notice that the physical
contribution resulting from topological effects, resulting from
phase-space deformation, on the non-relativistic energies
~t(n,V,, V3, @) can be limited to the difference between the
theoretical values in Eg. (23) and their corresponding
experimental values (E;7)¢*? € as follows:
WmyNo” (0,2, + N;"(8,7,3) = |5 — (Es)=el.
(78¢)

Therefore, these results that we obtained as corrective values to

the non-relativistic energies E;i(n,V,, Vi, a) allow for

correspondence with the experimental results (E;f)¢*P¢€ . For

example, in the case of the states 2P(n=2,l=1) and

3P(n=3,l=1),with2u=h=1,V,=3,V, = —-3anda =

0,005 while ( E5S , (E3$)e*P€) and ( ESS , (E55)¢*P¢€ ) are equal
Lat. Am. J. Phys. Educ. Vol. 20, No. 1, March, 2026

to (—0,5662563, —0,5662560) and (<0,2558674

0, 255867), respectively (See refs. [5, 90]. Thus, Egs. (87c)
allows us to obtain

WY 1myNP (0, x,0) + NP (8,%,7) = 3.1077

78d
<V>(31m)NSp(9:X, O+ Ngh(e,)(, () =4.1077 (780)

The set of equations allows us to assign exact values to each of
h— — =
N,¥(0,x,9) and N7 (6,7, 9).

IV. STUDY OF THE IMPACT OF IMPORTANT
PARTICULAR CASES OF THE ISCP IN THE
3D(NR-NCPS) SYMMETRIES

In this section, we will examine the obtained new bound state
eigenvalues of the deformed Schrddinger equation with the
improved standard Coulombic potential model in 3D(NR-
NCPS) symmetries that we have seen in Eq. (71). By suitable
adjustment of the potential parameters of the standard
Coulombic potential model, we are now in the process of
treating into 3D(NR-NCPS) regime:

(1) If the potential parameter V; reduces to zero, Eq. (1) gives
the modified negative Coulombic potential in 3D(NR-NCPS)
symmetries as

T 2

- 1¢]
V(@) = 22— (2 + 52 L8+0(6D). (79)

From Eqg. (71), we obtain the non-relativistic eigenvalues
EnP(n, Vo, a,AS,, AP, j,1,s,m) = E;Y for non-relativistic
particles, corresponding to the generalised (n, 1, m) excited
states in 3D-NRNCPS symmetries as:

Enf =

nc

11 + 1)a? <2uVO/a -0+ n+l+ 1)2
2p

—aV,
ot —, 2n+i+1) 2

(V) (1, Vo, NP (A50) + Ny ™ (A5) + 0((45)%) +

0((45.)°). (80
The first three terms are consistent with the result obtained in
Eq. (23) of Ref. [5]. The other terms are obtained from the
impact of phase-space deformation on the modified negative
Coulombic potential. The corresponding new non-relativistic
expectation values (V). (n, Vo, a) of the modified negative
Coulombic potential model from the following limits:

<V>?Yzl7lm) (Tl, VO' (Z) = ‘5,1117’16(1/)?;1171) (Tl, VO’ Vl’ a)' (81)

(2) If the potential parameter V, reduces to zero, Eq. (1) gives
the modified positive Coulombic potential in 3D(NR-NCPS)
symmetries as

41

Vac(q) =__(

r

A z(1+1)
2r3

)L 0+0(02). (82)
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From Eg. (71), we obtain the non-relativistic eigenvalues
EPC(n,Vy,a, A5, AR, j, 1,s,m) = EFS for  non-relativistic
particles, corresponding to the generalised (n, 1, m)*" excited
states in 3D-NRNCPS symmetries as:

Ep =
y +l(l+1)a2 a (—2uVyfa—1(1+1) n+l+1\
1 2u 2u\" 2 +1+1) 2
2
VY No? (M50 + NP (A8) + 0((450%) + 0 ((45.)°).

(83)

The first three terms are consistent with the result obtained in
Eq. (23) of Ref. [5]. The other terms are obtained from the
impact of phase-space deformation on the modified positive
Coulombic potential. The corresponding new non-relativistic
expectation values (V)’(”,flm) (n,Vy, @) of the modified positive

Coulombic potential model from the following limits:

(t,)gjhn)(rh Vi!(l) = &gzz%(‘,)fglnq)(rb Vb!pq!(x)' (84J

V. SPIN-AVERAGED MASS SPECTRA OF THE
HEAVY MESONS UNDER ISCP IN THE 3D(NR-
NCPS) SYMMETRIES

In this section, we calculate the mass spectra of the heavy
meson system, such as (charmonium cc and bottomonium bb),
which have the quark and antiquark flavours, is the main focus
of this work. In this work, the standard Coulombic potential
model is used to investigate quark confinement, because these
potentials have two distinctive features: strong interaction
(asymptotic freedom) and confinement. Eq. (2) allows us to
divide the standard Coulombic potential model under study into
two main parts V() and V*“(r) that play different roles in
3D(NR-QM) symmetries. The first part is the positive
Colombin potential model:

A GQEES (85)

Thus, this part is more singular and provides better confinement
as compared to the generalised Cornell potential [91], which has
a similar term ( % ). The second part V7*(r) , similar to the
Coulomb potential, has the form:

V) == (86)

This part plays the role of the Coulomb force, like the
Colombian potential (—c/r) in the generalised Cornell potential
[91].This means the second part V7' (r) has the same behaviour
as the Colombian potential. We calculate the new mass of
quarkonium M;S in 3D(NR-NCPS) symmetries, by applying
the following relation as in:

Mye =2mg +
ESS for spin-0
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1
3 (ESS™% + ESS™™ + ESS™Y) for spin-1 (87)

here m,, is the quark mass, while E;c™", Eqxc™™, Es¢tand ES¢
are the new energy eigenvalues that correspond (j =1+ 1,s =
D),G=lLs=1),(=10l-1s=1)and (j =1, s = 0) under
the improved standard Coulombic potential model in 3D(NR-
NCPS) symmetries. It results from the generalisation of the
original relationship known in the literature [92, 93]:

nl = 2mg + Eyj, (8%)

where E;7 is the non-relativistic energy under the standard
Coulombic potential model, which is determined by Eq. (23).
We have replaced the energy eigenvalues E]] with average
values § (EsS~%+ ES¢~™+ ESS7Y) that have spin-1 with three
different values of the values j, while for a spin- 0 | the values

-, replaced with E3S because it represents a single value. We
need to replace the factor h(j, [, s) with new generalized values
as follows:

h(j,l,s) =—1 For(j=1,5s=1), %9
hG,Ls) = (~21—2)/2 For G =1 — 1.5 = 1), &P
h(j,l,s) =0 For(j=1s=0).

{ h(j,l,s)=1/2 For(j=1+1,s=1),

Allows us to obtain ( ESS™% , EsS™™ and EsS~!) and ESS of the
heavy meson system, such as (charmonium c¢c and
bottomonium bb ) as:

1 _The energy values E;5~* produced by the improved standard
Coulombic potential model and correspond to discrete quantum
numbers j =1+ 1, s = 1, can be expressed by the following
formula:

2
BT = A + 20,40 — (%55 + 4,p?)
— = n\ !
4_(E/)€£lnﬂ [(;(ASAX!(!(!rn) + (()'+ E;;) E]’ (90)

with

G20 qm) = (x+ %) xm + (¢ +%) om.

2_The energy values E;5~™ produced by the improved standard
Coulombic potential model and correspond to discrete quantum
numbers (j =1, s = 1), can be expressed by the following
formula:

ApA
PE
HV ) my [G(;(, 7.0,0,m) - (@ + 2'7—#)] ©1)

2
ESc™ = Aq + 2454 — (255 + 4,p?)

3_The energy values ES¢~! produced by the improved standard
Coulombic potential model and correspond to discrete quantum
numbers (j = [ — 1, s = 1), can be expressed by the following
formula:

2
ApAg

B = Mg + 2454, — (2554 2,p7)

Wi [6@ T2 Tm) -+ D0+ L)] ©2)
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while the energy values E3S produced by the improved standard
Coulombic potential model and correspond to discrete quantum
numbers (j = [, s = 0), can be expressed as follows:

ApAg )
ESS = Ay + 20,4, — —r+ Aop
V) m GO0 7 ¢,m). 93)

By substituting Egs. (90), (91), (92) and (93) into Eq. (87), the
new mass spectrum M3S(V,,Vy, a, AS.) of the heavy-light

meson systems such as (charmonium c¢ and bottomonium bb )
in 3D(NR-NCPS) symmetries under the improved standard
Coulombic potential model as a function of corresponding mass
spectra M,5 in 3D(NR-QM) regime and non-commutativity
parameters (A3.) and (n,)_(, Z) that cauterized the deformation
phase-space:

Mz Vo, Vi, @, A3) = Myi(n, Vo:lvl» a)
n 2
Vi [6 = (0 +35) G+3)]
+ For spin-1 (%94)
(V)(aumy G For spin-0

The spin-averaged mass spectra M,;¢(n,V,, V;)of the heavy

meson system, such as (charmonium c¢ and bottomonium bb)
under the SE with the standard Coulombic potential model in
usual 3D(NR-QM) symmetries:

56 = 2my + Ag + 24, A, — (A”AC + App?),  (95)

is extended to include &MSSTM(Vo,Vy, @, ASe, AL.) =
SMES~"m in 3D(NR-NCPS) symmetries:

-(0+5)G+3)]
For spin-1 (96)
(V) {nim)G For spin-0

n <V>(nlm) [
SMEShm =

Which is sensitive to the atomic quantum numbers (n, j, I, s, m),
potential parameters ( V,, Vi, a ), and non-commutativity
parameters AS. and AP, under the deformed properties of
phase-space. Validity of our results examined by the realisation
of logical physical limits:

bim — M3e(Vo, Vi, @, A3, Ae) = Mt (Vo, Vi, @) (97)

(A%CVA'ZC)_)(O'O)

VI. COMPOSITE SYSTEMS UNDER ISCP IN
3D(NR-NCPS) SYMMETRIES

In the context of deformation algebra, while studying composite
systems, such as molecules composed of two atoms with m,
and m, it is vital to evaluate the characteristics of system
descriptions in 3D (NR-NCPS) symmetries under the improved
standard Coulombic potential. It was discovered that distinct
Lat. Am. J. Phys. Educ. Vol. 20, No. 1, March, 2026

1304-12

deformed phase-space parameters that described the composite
systems with m, # m, [94, 95, 96]:
[d5, d3] = i655, (98)

[d&®), dp ()] = [di(®),ds®)] =

and
[, 73] = [ml(®), nh ()] = [w(D), mh(®)] = iBap. (99)

In this case, the new NNCCCRs that we have seen in Egs. (32),
(33), and (34) will be changed to become the Schrédinger,
Heisenberg, and interaction pictures as follows, respectively:

[ dj] = 102

[m5, 3] = leaﬁ, (100)
and
dh dh — -ec )
420 5 ) Cap (101)
[72 (), 73 (©)] = iBap,
and
di(t),ds(®)] = i6,,
[ (0. 4 ©] Cap (102)
[n}x(t), nﬁ(t)] = i0yp.

In the context of 3D(NR-NCPS) symmetries, one possible way
of implementing the algebra defined by Egs. (35), (36) and (37)
are to construct the non-commutative set of variables (d;,
dh(t), di(t)) and (3, mh(t), w(t)) from the corresponding
commutative variables (xg.x/(t).x, () and (p5, pji(t).pL(D))
by employing linear transformations:

9
q,u = x,u - _pv + O(QCZ)

o (103)
T, =p§+%"x§+0(9 ),
di @) = () — 2 pl () + 0(6),
5 o (104)
mh(0) = pi(®) + L2xl(®) +0(87),
Qu(t) - xu(t) - _pv(t) + O(ch)
(105)

mi(6) = pL(e) + I xl () + 0 (8 “).

We have applied Einstein's term regarding the addition process
in the above-mentioned equations, where the repeated indices v
once up and once down correspond to the addition process from

1 to 3.This allows us to find the operators (d?, w2 and
V.. (d)), in the 3D(NR-NCPS) symmetries, equal to:

21
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d? =12 —L.O° + 0(6),

L= L 419 4 o),

2ud? 2ur? = 2ur*
—C2

—c
2 =p2+L.0 +0(9 ), (106)
Vie(d) = 22—

_( 1(1+1) c 2
(5 + 2W)L.e) +0(6?).

The above couplings L. ®€ and L. 0 in Eq. (106) are equal to
L0 +Ly05 + 1,05  and LBy, + L,8y3 + L 613,
respectively. The two non-commutativity parameters (6, 50,3
and a,, are equal to Y2_, anzeé’;), ¥2_, anZé;;;) and Zm—;n
respectively, the index (n = 1,2) label the particle, and
(93[‘;),504;) are the parameters of non-commutativity,
corresponding to the particle of mass m,. As a result of the
topological features of the deformation phase-space, the
spontaneously generated new term V7, (r,0¢) and the

global working Hamiltonian operator H;3¢ (p, X, Qcﬁc) That is

equal to the modified kinetic energy H(Z—f) plus the effective

potential V,5;_,,.(r, ©¢) of the improved standard Coulombic
potential model:

H3¢ (px,6°,8") = Hoe(p,x) + Higye (1, 6°,8)

s¢ c sc pert ’ (107)
Veff—nc(r, o) = Veff(r) +Zy (r,0.).
with
sc ¢ 3%\ LB (v l+D) c
Hpert (T,@ ,0 ) = (2r3+ 2;¢r4)L'@
+0 (67,02, (108)
t V. 1(1+1)
szcer (r,0°) = — (y_13 + 2#7) L. O + 0(@‘32)_

The main difference between the previously Hamiltonian
operator  H3¢ (p,x,@c,ﬁc) and  effective  potential
Vefr—nc(r, @) in Eq. (44) and the corresponding new
—C
spontaneously generated terms (HjS (p,x,@c,e ) and
Vesjff_nc(r,@C_)) in Egs. (108) appears in the two couplings
(L.® and L.0), because it is possible to move between the two
binaries according to the transformation (L.@ and L.8) <
(L. O°¢and L. 66). As for similarities, the expectation values

(F* and F2) do not change, which means there is a large amount
of work that does not require re-completion. Therefore, the
physical relationships that express the partial corrections of
energy that we saw in the previous Egs. (63), (67), and (70) will
become as follows:

AE}‘LCT_SO (Tl, VOI Vll a, QC’ 561 ll S, m) =/ (QC(V)E‘T?).lm) + %)’

AER? (n, Vo, Vi, a, x5, X5, L s,m) = R (){C<V>€,§,m) + Z‘—H) m,

(109b)
and

—c
AEISH (n,Vo, V1, @, ,1,5,m) = (5 WY orum) + §_> om.
u

(109¢)

In particular cases when m; = m,such as the homogeneous H.
diatomic molecules, the parameters (60%,0,5) will be
identified with ordinary non-commutative parameters
(64p,04ap). Thus, the parameters A}, and A3, which are seen

in Eg. (71) are changed to the new non-commutativity
parameters:

2 2 2 2 2 2

A2 = (3 a3aD) +(2 akal) + (2 aia®?)
n=1 n=1 n=1

(110)

with A2 can be play the roles of the square of NC-(phase-space)
—C2

parameters (952/562, x?/x° and (CZ/fCZ). As mentioned
above, in the case of a system of two particles with the same
mass m,; =m, such as the homogeneous H, diatomic
molecules:

e _
(@, 0w ) = (@ Tyr)- (111)

Here (w‘fﬁ),ﬁﬁ?,)) can be present both (,,,,6,,), ()(m,,)_(w)

and ((ﬁ?,fﬁ?). At the end of this section, we can generalise

the non-relativistic global energy ESS(n.Vy,Vy,a,0/8° ,x¢/

)_(C,(C/Ec,j JLsm) = ESS under the improved standard
Coulombic potential, taking into account that composite
systems with different masses are described with different non-
commutative parameters for the heterogeneous diatomic (Hz,
HCl and LiH) as:

ApAg

ot App?)
VY iy (1, Vo, Vi, @) (N3P 4+ (NP (112)

ES = g+ 244 — (

Here (N37) and (NP™) are given by 6°4 + (xR + {°0)m
and 8° 2 + (_C 247 £) m, respectively
2u % 2u 2u ' '

VIl. THERMODYNAMIC QUANTITIES OF THE
ISCP MODEL IN THE 3D(NR-NCPS)
SYMMETRIES

This section's thermodynamic property analysis focuses on the
improved 3D standard Coulombic potential model (NR-NCPS)
in regimes. Since its partition function can be used to determine

(109a) other thermal parameters, including internal energy, entropy,

and free energy, and specific heat capacity, calculating it is a crucial
initial step toward this goal. By using direct summation over all
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potential energy levels at a fixed temperature T, the partition
function can be determined [97, 98, 99, 100, 101, 102, 103]:

A Amax

Zy = Z exp(=BEn;) = Zsc = go exp(—=BEpc)- (113)

The upper bound vibration quantum numbers (the maximum
quantum numbers) in the 3D(NR-QM) and 3D(NR-NCPS)
symmetries are represented by(A, A,q,) While (ZM =
(VO,Vl,(I, ﬂ: l), Z?CC(VO'VI' a, ﬁ' lv ﬂ-ma.xv/lflcv/lflc) are,
respectively, the partition functions of the standard Coulombic
potential model and the improved standard Coulombic potential
model. The Boltzmann constant K is used in 8 = (KT)™t. We
assumed at the beginning of this section that the new partition

function ZZf¢ (Vo, Vi,a, B, LA ;CﬁCmax()) depends on non-

commutativity parameters (AS., AP.), as our finding of the
appropriate non-relativistic energy in these symmetries is
bound to these parameters. With respect to equivalent values 1
in 3D(NR-QM) symmetry, we derive the parameter A,,,, in
3D(NR-NCPS) as follows:

dEnC

=Yl =0 w In= mar o (114)
Amax = A+ Zper
with I;Cer is determined from the following relation:
Zper = [V mNo? (U50) + NJ"(4R0)] _, (115)
The modified non-relativistic energy

EsS(n, Vo, Vi, @, AS, Ab.) = ESS in the context of 3D(NR-
NCPS) symmetries in Eq. (71) can be simplified for the case
l+0as:

exp(=BExc) = exp(=BEn;y) — BAE exp(=BER),  (119)

which gives  the modified partition function
72 (Vo, Vi, @, B, L, Ay A5, A%, ) of the improved standard
Coulombic potential model as follows:

ﬂ.max+l+1
zit= | exp(—BEx) — BAE exp(—BEz7) dp. (120)
+1

Considering the physical problems mentioned above, we accept
in rough form only the terms (A5, 6,% and {) that are
proportional to infinitesimal NC-parameters. Consequently, an
approximate physical value of the modified partition function
Z0(n, Vo, Vi, 8L, A 0.,0,0,%,() of the improved
standard Coulombic potential model is as follows:

736 = 75 = B (V)Sum NF (A50) + N (4R.)) 232 (121)

The partition function Z™(n,Vy,Vy, @, B, 4,1) of the standard
Coulombic potential model in 3D(NR-QM) symmetry as
follows [5]:

1 -1
Zy = _(m) exp(B(—=24,4c — A)) VT
[exp( 20,4c) erf (\/,B—Ab(A+ [+1) _@> +l

A+1+1
,(122)

A
| e ot (TG 1 ALY

with erf(x) is the error function that is equal to
X

%f exp(—t2dt). Starting from now, we will begin to
0

examine the impact of phase-space deformation on
thermodynamic values of the improved standard Coulombic

Ese = Exf + AE(n, Vo, Vi, , A5, AL ), (116) potential model using the modified partition function

with ESf(n, Vo, Vi, @) = ES§ and AE (Vo Vy, a, A3, AL,) = AE
can be rewrltten as follows:

OA+Xym+iom

E = (V){nm)(0A + xRm + {0m) + »

70 (n, Vo, Vo, .8l Amax 0.4,0,0, %, in Eq. (121). These
values include the new mean energy
Uss(n, Vo, Vi, @, B, 1, A3, A ), new free energy

ESS(m, Vo, Vi, o, B,1,0/6,x/%,(/0), and new  entropy
S3¢(n, Vo, Vi, a, B, 1, A5, AB ). First, let us examine the new

(117) mean energy UsS(V,, Vi, a, B, 1, AS,, AL ), which represents the

In 3D(NR-NCPS) symmetries, at high temperatures in the
classical limit, the new partition function
72 (Vo, Vi, &, B, L, Amax ASe, Ab,) of the improved standard
Coulombic potential model can be represented by an integral:

A+1+1

zi= | ew(-pEEG))dp=

+1
Amax+i+1

zif= [ exp(—BE(p))dp. (118)

I+1

Since the main term E;f is higher than the additive component
of the energy value AE(Vy, Vy, a, A3, A%,.) we may apply the
following approximation:

Lat. Am. J. Phys. Educ. Vol. 20, No. 1, March, 2026

total energy required to prepare or improve the system's internal
state. The following formula is used to find the impact of phase-
space deformation on mean energy UM (n,V,,Vy, @, 8,4, 1) for
an improved standard Coulombic potential model:

AUDS = Use — UM = ——B[an —InZM]. (123)

A simple calculation may be used to determine the effect of
phase-space deformation on mean energy under the improved
standard Coulombic potential model in 3D(NR-NCPS)
symmetries

(V)(nlm)Nsp(ATIC)"'N;zJ)h(Afw)

AUSS = :
M 1B NP (s +NE (D))

(124)
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Therefore, for the improved standard Coulombic potential
model in 3D(NR-NCPS) symmetries, the new mean
energyUss(n, Vo, Vo, @, 8,1,0/6,x/%.{/)is equal to the
comparable values in the literature U (n, Vy, V4, @, 8, 4, 1) plus
the following effect of the phase-space deformation on it:

(V)(nlm)Nsp (Anc) + Ngh(/lflc)
= B (V) N3P (A5) + NE*(47,))

SC — nl
Unc - Usc

. (125)

A preform calculation gives UM (n, Vo, Vy,a,B,4,1) for a
standard Coulombic potential model in 3D(NR-QM) regimes:

anZ¥ (B, A1
Usncl(nl VOIV1’ a:[g:l; l) = _$ (126)

Using the expression for the partition function that we saw in
Eq. (122), after appropriate calculations, we find the mean
energy expression of the U (n, V,, V4, a, B, 4, 1) of the standard
Coulombic potential model in 3D(NR-QM) symmetry as
follows:

Z y(V)

U;lcl(n VO,Vl,a ﬂ A, l) Zm (127)
Here A,z is equal to A + L + 1 while YD, Y@ |y Fll ang
F2 are as determined in Appendix B (See Egs. (B1), (B2),
(B3), (B4) and (B5). The impact of phase-space deformation on
the free energy Fs¢(n, Vo, Vi, a, B, 1A, A, AL) = E3¢ of the
improved standard Coulombic potential model will now be
discussed. This may be achieved by applying:

1 1
AF3f = R = Fif = —2Inzl8 = (—70InZ20). (128)

The impact of phase-space deformation on the free energy
AESS(n, Vo, Vy, o, B, 1, AS,, AP ) = AFSS  of the improved
standard Coulombic potential model may be estimated easily as
follows:

AFf = —2in [1= 8 (D NsT (A50) + NE"(45))]

(129)

Thus, in 3D(NR-NCPS) regimes, the new free energy
ESS(Vo, Vi, @, B,1, AS., APy of the improved standard
Coulombic potential model is equal to the corresponding values
in the literature F&(n, Vo, Vi, a,B, 1 A3, AL ) = FR, in
3D(NR-QM) regimes, plus the effect of the deformation of
phase-space on it as follows:

R = R =2 [1 = B (V) NsT (430 + NY" (A7) )]
(130)

which F¥(n,V,, Vi, a, B,A,1) = F is determined from the
projection relation:

FM(n, Vo, Vi, a, 8,4, 1) =

Lat. Am. J. Phys. Educ. Vol. 20, No. 1, March, 2026

(131)

-1
1 1 A
—Eln [Z( —,BTb> (X(l) +X(2)) ,

with X,y and X,y are as follows:

Ap
c _BT
erf —,6’ Aerr + T ,(132)
Ap
’ Ac (=B~
)erf leff }Leff4 .
(133)

The effect of the deformation phase-space on the specific heat
capacity C3S(n,V,,Vy,a.B,1 ,A5.,AP ) of the improved standard
Coulombic potential model, is obtained by applying:

Ap
Xqy=expp (7

and

Xy = exp(

24US
o= —kBr=gE (134)

sc — psc sc
4 nl Cnc -

The impact of phase-space deformation on the improved
standard Coulombic potential model's free energy can be
evaluated simply as follows:

ACq;
sp phy v V)
((V)(nlm)N (Anc) + Np (Anc))

exp (28 ()7 (420 + N4,

= —kp? . (135)

Within the parameters of the approximations we have chosen,
which restrict it to the first order only for the values (A3, and
AP ), this effect can be omitted. In order to finish up this
section, we will examine how phase-space deformation affects
the entropy S3¢(n,V,,Vy,a,B,1 ,A3.,A% ), which is produced by
using:

SC
AS3E = S36 = Sif = kB2, (136)

The impact of phase-space deformation on the entropy of the
improved standard Coulombic potential model may be
evaluated simply as follows:

<V)(nlm)Nsp (Anc) + Ngh(/lfzc)

— B (V) Eumy NP (A50) + N2 (A0,))

AS3¢ = k,8 (137)

Thus, in 3D(NR-NCPS) symmetries, the new entropy
SV Vi, a1 A3, AR ) = S3¢ of the improved standard
Coulombic potential model is equal to the corresponding values
SM (n,Vy, Vo, a, B,1) = S& in 3D(NR-QM) plus the effect of
the deformation of phase-space on the improved standard
Coulombic potential model as follows:
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kp (<v>(nlm)1v5" (450 + NP (47,))
= B (VEumyNy? (A50) + NE"(47,))

SC — nl
Snc - Ssc

With

din ZSC

SM = kInZlM — kp—=¢ (139)
Using the expression for the partition function that we saw in
Eq. (122), after appropriate calculations, we find the entropy
expression S (V,,Vy,a,B,4,1) of the standard Coulombic
potential model

) 5 K

SS"Cl(VO,Vl,a,ﬁ,A,l) = —Em, (140)
with KW, K@ K® g®and K& are given in Appendix C
(See Egs. (C1), (C2), (C3), (C4) and (C5). If the deformation of
phase-space vanishes when the simultaneous limits
(45, 45.) - (0,0) is satisfied, the additive thermodynamic
parts AZSE(X36 e AR, AUFE(X36, Aer Ane),
AFE (X536 M Ane), ASFE(X6 Aes M) and
ACSS(XSS, AS,, AP ) of the improved standard Coulombic

potential model naturally also vanish,

_ _li"_l AZS?({X A3e, ﬁc)) =0,
(0/6.x/%.5/5)~(0,0,0)

(e/8, /_lg%) (ooo)AUrif({Xﬁg'Aic'AﬁC}) =0
XX —(0,0,

lim AFSE({X3e}, A5, AP ) = 0,
(0/8.1/Z.2/7)~(0,0.0) nl ({ } nc nc) (141)
(e/8, /_lg%l) (ooo)ASTif({XrSlg’Aic’AgC}) =0

X/%51¢)~(0,0,
(e/8, /_lg%l) (ooo)AcilC({ng’Aic’Afw}) =0
X/%51¢)~(0,0,

We have inserted a suitable abbreviation X;¢=
(n, Vo, Vi, B,1) to reduce the burden of writing in the
equations. The following results are achieved,

o T OG5 1) = 2D,

nefine) >0

o AU A ) = U O,
nc 4

Vs ll Ao ol Xty Ase, M) = Faf (X30), (142)
o . SRECKE Ae, M) = ST,
Lim le( ner Anes fzc) = CrilC(Xrig)

(ATLC TLC)_)(O 0)

(1) If the potential parameter V; reduces to zero, Eqgs. (122),
(124), (129), (135), and (137) give the impact of phase space
deformation on the induced partition function AZ;¥ (X7¢), the
induced mean energy AU,?(X,7), the induced free energy
AF,P(X,'?), the induced specific heat capacity AC, ¥ (X,¥) and
the induced entropy 4S,?(X,F), for the modified negative
Coulombic potential model as follows:

Lat. Am. J. Phys. Educ. Vol. 20, No. 1, March, 2026

,(138)

Lim AZye (Xng, Ane Ane) = AZne (Xnc s Anes Ane),

V1i—-0
UmAUSE(X3E, Ao, Abe) = AURE (Xn?, A5 AR,
1—)

U ASTEXSE, e, A0) = ASIECGE, M 100), (143)
lim AR (X35, A 152) = AFRE(XL2, A 120)
1—)

UmACIECXRE, A, M) = ACRE (X2, A A0).
1—?

with
AZpP (X8, A5, AT,

nc’

p)=-8 ungg((V)(mm)Nsp +NPM),

(144)
and

<V)(n,m)N5” + N
sp ph
-B ((V)(nlm)Np + N} )

AUR (XpF, A5, AD,) = ,(145)

and
AE P (X2, A5, A8,) =
——ln (1 = BV NST + NEM)), (146)
_kﬁ ((V)(nlm)Nsp + ph)

ACY (Xp?, A5, AT,) =
exp (Zﬁ((V)(mm)N;p + an)

,(147)

and
kﬂ((v)(nlm)Nsp ph)

ASRE (X2, 85, A1) =
sp ph
,B((V)(nlm)Np + N} )

(148)

Here (V)?flm) given by Eq. (81), and we have inserted a suitable

abbreviation XS = (n,V,,a,B8,1) to reduce the burden of
writing in the equations.

(2) If the potential parameter V, reduces to zero, Egs. (122),
(124), (129), (135), and (137) give the impact of phase-space
. . . . PC e PC
deformation on the induced partition function YZnc ‘xnc( the
induced mean energy AUES(XES), the induced free energy
AEP?( XP?), the induced specific heat capacity ACPs (XP<) and

the induced entropy ASPS(xP¢), for the modified positive
Coulombic potential model as follows:

Lim AZ3e (Xnt, Ane Ane) = AZnc (X, A Ane),

oo
Hm AUSE K, A ) = BUTECKEE A 1)
Lim AS3E (3G, Anes Ane) = ASpe (Knes Ane, Anedr (149)
U ARSE CXGE, B 20) = AR (XES, A 150),
im AGEE (XS, A, %) = ACRECXRE, M 120).

With

AZRS(XEE, A5, A8,)
= _ﬁungg(W)(n,m)N“’ + NPM), (150)
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pc sp ph
(V (nlm)Np + Np

pc sp ph
1= B (V)0 N3P + N2

AURE (Xn, Ajs Anc) =

AFEE(XPE, M50, AD,) =
1
=5t (1= BNy + N2Y)), (152)
2
—kB* (V) eumyNo” + NG")

exp (2B(V)gy NT + N2)

ACRE (XRE, A, ) =

And
KBV Ny + N

pc sp ph
1-8 ((V P o Na? + NI )

ASRE(Xne) M M) =

Here (V)P<, . given by Eq. (84), and we have inserted a suitable

(nlm)

abbreviation XS = (n,Vy,a,B8,1) to reduce the burden of
writing in the equations. In the end, we will examine the TPs
(Zni (Xnc), Uni (Xng, Fai (Xnc and Sy (Xzc ) of the improved
standard Coulombic potential model, which we have seen in
Egs. (121), (125), (131), and (140) in 3D(NR-NCPS)
symmetries reduce to the corresponding  values
Zfli(ni VO' Vl! a, B'A' l), Urszf(n' Vo. Vl' a, ,8,)., l):
STV, Vi, a, 8,010 and  Fii(n, Vo, Vi, a,B,4,1)) that
presented by Egs. (122), (127), (135), and (140) in 3D(NR-QM)
symmetries, respectively. This means that when the
deformation parameters vanished (6/6, x/%,{/¢) - (0,0,0),
all physical values (in the presence of deformation (@/5,)(/

FXY /?) # (0,0,0) ) reverted to their initial states (the absence
of deformation).

VIIl. CONCLUSION

In this research study, we conducted an in-depth analysis of the
3D-NRDSE under the influence of the improved standard
Coulombic potential model within the framework of non-
commutative non-relativistic phase-space principles, as
discussed in detail in the general introduction to our article. We
have used the well-known GBSM and conventional
perturbation theory in 3D(NR-NCPS) symmetries. We obtained
the total energy values Ejs({X3S3,j,1, s,m) (EQ. (71)). Where
we discovered that it consists of the fundamental term ES; (EQ.
(23)) resulting from a contribution of the standard Coulombic
potential model plus all corrections produced from the
perturbed spin-orbital Hamiltonian, the perturbed modified
Zeeman Hamiltonian, and the perturbed rotational Hamiltonian
operator ( HsS(r,0,8), H3S,(r, x, %) and HES,(r, x, 7)) (see
Egs. (58), (66), and (68)). The corrected non-relativistic energy
eigenvalues seem to be influenced by the quantum numbers
(n,j,1,s and m), the mixed potential depths (V, and V,), the
screening parameter « , and the non-commutativity parameters

(©/6,x/x and (/7). We have calculated the spin-averaged
mass spectra of the heavy mesons charmonium cc and

bottomonium bb under the improved standard Coulombic
Lat. Am. J. Phys. Educ. Vol. 20, No. 1, March, 2026

(151)

,(153)

.(154)

potential model in 3D(NR-QM) and 3D(NR-NCPS)
symmetries (See Eq. (94)). The energy eigensolutions

ESS(n, Vi, Vo, @, 058, xS /25,¢6 /T J, Ls,m)  for  the

heterogeneous diatomic (H2 , HCI and LiH) (See Eg. (112)).
We have also calculated the thermodynamic quantities of the
standard Coulombic potential model in 3D(NR-QM)
symmetries (the partition function Z%(n, V,, Vy, a, 5, 4,1) , the
mean energy UM(n,V,, Vi, a,B,A4,1), the free energy
Fe (n, Vo, Vi, a, B, 4, 1) , and the entropy
SM(n, Vo, Vi, a, B, A, 1), (See Egs. (122), (127), (135), and (140),
respectively). The impact of phase-space on thermodynamic
guantities (the induced partition function

YZL OGS, 93, € the induced  mean energy
AUSS(XSE, A5, AP ), the induced free energy
AESS (XSS, A5, AP ), the induced specific heat capacity
ACSE(X3S, A5, AP ) and the induced entropy
ASSE(XSE, NS, AP ), (see Egs. (118), (121), (128), (133) and
(135), respectively) have also been examined in relation to the
phase-space deformation. It has been demonstrated that (the
new partition function Z:¢ (X3¢, A3, AL ), the new mean energy
USS(XSS, A5, AP ) , the new free energy Fs¢ (X3S, AS,, AL ,), the
new entropy SsS(X3s¢,AS.,AP.) and the new specific heat

capacity Che ﬁcc.éﬁc,éﬁd), for the improved standard

Coulombic potential model, are equivalent to their values in
3D(NR-QM) symmetry (the partition function
ZM(n, Vo, Vi, a, B,A,1), the mean energy
UM (n, Vo, Vi, a, B, A, 1) , the free energy F% (n, Vy, Vi, a, B, 4, 1),

the entropy SQ(!@’V()!Vla Qe %I , and the specific heat
capacity C¥(Bn, Vo, V4, a, B, 4, 1) (See Egs. (121), (125), (132),
(136) and (140), respectively)) plus the effect of the phase-
space deformation (AZSS (XSS, As., AP ), AUSS (X356, AS,., AP ),
AF3f (X356, Mo A3, ASFE (X, Aes M), and
ACSE (X3S, A5, AP ), (See Egs. (122), (124), (129), (135), and
(137), respectively). We have re-treated the special cases
related to energy in the extended phase-space framework to
include the overall thermodynamic properties as a particular
case in the extended phase-space through appropriate
substitutions for each case. We establish the energy equations
for the non-relativistic SE in 3D(NR-QM) symmetries for the
simultaneous limits (4S5, and A%.) — 0, obtained in the main
Ref. [5], under a standard Coulombic potential model.

APPENDIX A

For the purpose of evaluating the two integrals referred to in the
two equations (50) and (51), we are introducing the change of
variable s = exp(—ar). This maps the region (0 <r < o —

0 < s < 1) and allows us to obtain dr = —% , and transform
Egs. (50) and (51) into the following form:

NSCZ +1 2
p1 = Nl f x2 -A%,-1
0

a

_ 102
(1-x) 2T [Y(n, A2}, £L9n, x)]?dx,
(AD)
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and
2 sczf 2 —/1311—1
-3+ /1+451°2

1-x [Y(n, A%, e19%n, x)]?dx .
(A2)

We can evaluate the integrals in Egs. Above:(Al) and (A2) in
two ways: using the formulas used by Ahmadov et al. [87] and
Tas et al.[88] to obtain the general excited state directly or by
using the physical values of the principal quantum number (
n = 0,1,...) to evaluate the above integrals and then generalise
the result to the general (n,l,m)™" excited state. The first
method will be less expensive and faster in signing the required
solutions:

+1

f x2V1x(1 — x)2@HD [2F, (—q,q + 2(a + ¥ + 1); 2y
0
+ 1; x)]?dx
_ (a2 =) r@yyr(g+2(a+)r(zy+1)
_(q 2(a+1) zy)
2

(A3)

r(q+2y+1)r(q+2y+2(a+1))

The following solutions are obtained by comparing the integrals
in Egs. (A3) with Egs. (Al) and (A2):

F' =

e (2=AZ)r (n+ 1+ 467 — 2) r(2/=4%, + 1)

r(n+2y=A% + 1)1 (n+ 2= + T+ 4% - 2)’ A

and
F? =

2 (2f=AZ)r (n+ T+ e —3)r(2/=42, + 1) @)

r(n+2y=2% + 1)r (n+ 2= + T+ 417 - 3)
with

NSe2n ( 1/4 + €02 — 1)
Em (A6)

e | a(n+Vi/a+e+ = -2)
( )_\ Nggnt (n+ 174 + e - 3/2) )
(n+ 174+ e7 +[= 12, - 3/2)

APPENDIX B

Using the expressions for the mean energy expression
UM(n, Vo, Vi, a,B,4,1) of the standard Coulombic potential
model that we saw in Eg. (126) and the partition function
ZM(n, Vo, Vy, @, B,A,1) of the standard Coulombic potential
model in 3D(NR-QM) symmetry in Eq. (122), we obtain the
form of the entropy expression U (n,V,,V,,a, 5,4,1) in Eq.
(127). The explicit forms of the factors YV, vy y® in Eq.
(127) are given by:

y® =

V —BAy (Aeff AC)>

—16Vm A A, exp(—2BA,AL) erf <
Eff

—2VAq exp(=2B4y4) erf (V=BAy (A2 — Ac)) = Ac

(BD)
Y® = —2vmpAysp A, exp(—254,A4,)
J=BA, (A2 — A
xe?‘f( B4, ey C)>+2 —BAp X
eff
Ay (=402, 57 + A4, — A2
exp B (ZAERery + Mgy = 1) Aerr +
(A+1+1)2
BA —4/1515 "”1‘9L -AZ
+2 —ﬁ/lbexp< o /12};}; - )), (B2)
and
Y® =2./-84,
Ay (44c0%yy + Q41+ D' — A7)
exp 12 Aeff
eff
A (402250 + 2%, — A2
+2 —ﬁ/lbexp<ﬁ o8y * By C))AC
Aers

—2\T sy exp(=2ApAc) erf (=B, (A2 — Ac))
V 3/11)(/1 rrtAc )) (B3)

Eff

—\/Eleff exp(2BApA.) erf <

while FI and F[2] that appear in Eq. (127) are given by:

F =vrpA+1+1)
exp(—2BA,AL) erf (M) (B4)

Aeff
and
— 2
FEI Z exp(2BA,A) erf (W) (B3)
APPENDIX C

Using the expressions for the entropy expression
SM(V,, Vi, @, B8, 4, 1) of the standard Coulombic potential model
that we saw in Eq. (140) and the partition function
ZM(m,V,,Vy, a,B,4,1) of the standard Coulombic potential
model in 3D(NR-QM) symmetry in Eq (122), we obtain the
form of the entropy expression S™(V,, Vi, a, (5, A4,1) in Eq.
(141). The explicit forms of the factors KW, K@ K& g®
and K® in Eq. (141) are given by:

K®=-2In (exp(—[)’(ZAbAc

J=BAy (Aeff A )))

eff

+ Aa)) erf(

Lat. Am. J. Phys. Educ. Vol. 20, No. 1, March, 2026 1304-18 http://www.lajpe.org



Phase-space non-commutative formulation of Schrédinger equation with an improved standard Coulombic potential model...

(32
+exp(2BA,AL) erf ( BAb/EAeff * AC)) ,(C1)
eff

and

K@ =

—SﬁﬁAbAeffAc exp(—=2pApA.) erf (

=B, (2% - Ac)>
Aesr

_ 2

J ﬁAbgzeﬁ Ac)) )

eff

+2VT s Ag exp(=2BApAL) erf (

And

K® =

2V A of Ag exp(—2BApA) erf (

V=BA,(Xfp = F3)>
2

eff

-2 —ﬂAbexp< 912 = )22,
eff
Ap(4F32% 422 - —12
+2 —ﬁAbexp<ﬁ olors ;’;’; = ))Ac, (C3)

and

2
KW =4n (—)
n

BAy(—4AAess + Aoy — A2)
—2/—B4, exp( < ;2” ¢ c Aiff
e
Ap(=4Ap2A% ¢+ 2% — N2
-2 —ﬁAbexp(B 2 A’;’; - C))Ac, (C4)
And
K® =

- 2 _
\/Eleff eXP(—ZﬁAbAC) e?"f (m(le/‘f AC)) AZ

Aeff eff
=B (A3ss+ac)

VT es s exp(2BA,AL) erf < Gerr

) - (©9)
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