A counterexample to Boyer-Plebariski conjecture
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Resumen

We show that the space-time obtained by Pandey —Sharma and Modak is a counterexample for the Boyer-Plebafiski
conjecture about 4-spaces with spherical symmetry and conformally flat.
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Resumen

Se demuestra que el espacio-tiempo obtenido por Pandey-Sharma y Modak es un contraejemplo para la conjetura de
Boyer-Plebafiski sobre 4-espacios conformalmente planos con simetria esférica.

Palabras clave: 4-espacio de clase uno, propuesta Boyer-Plebariski

PACS: 4.20.-q, 01.40.-d

Pandey-Sharma [1] and Modak [2] considered the space-
time with spherical symmetry:

ds® =dr?+r? d@*+r’sin’gdr’ - (1+ B(t)r? )’dt® , (1)
and B(t) an arbitrary function. In Synge [3], we find useful
formulae to determine the non-null components of

Riemann, Ricci and Einstein tensors, and the scalar
curvature for (1)

[(Xk)z(rﬁ,(o,t)]:

Rt = 2B(1+Br?), Ryyy, = SiN0R, 1, = ISIN°OR,,,

2B . 2 .
R,= T R,; =sin’6R,,=rsin’gR,,,
R, =—6B(1+Br?), R=_128_ an—E,
1+Br? 3

G,, =Sin’0G,, =r’sin’6G,, G, =0, (2

and the corresponding Weyl tensor is equals to zero, thus
(1) is conformally flat.

On the other hand, we have the Boyer-Plebafiski
conjecture [4]:

“If R4 is conformally flat with spherical symmetry,
then it has class one”, 3)
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therefore (1) should be of class one, however, we can prove
that this false. In fact, if (1) has class one then it is
necessary the existence of the second fundamental form
bij=h;; verifying the Gauss equation:

Rijn = g(bikbjm_blm by ), e="1. (4)
that is [5],
pbac = ﬁ_ l Rajkc G K ) (5&)
48 2
where

pi=— 5(3 Ky+R g G GJ 0,
6\ 24
k,=4R'R, -R*-R"™ R (5.b)

ijmn
If we employ (2) into (5.b) results that K,=p=0, and (5.a)

gives the condition:

R,cG" =0, (6)
but it is easy to see that R, ,G™* =24 B =0 [because

B = 0 would imply that (1) is flat]. Thus, (6) is incorrect for
(1) and therefore this space- time of Pandey-Sharma and
Modak, conformally flat with spherical symmetry, has not

http://www.lajpe.org



César Mora, J. Lopez-Bonilla, R. Lopez-Vazquez
class one; then it is a counterexample for the conjecture (3)
of Boyer-Plebafiski.
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