Magnetic field of an electric quadrupole moment in
non-relativistic motion
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Abstract
We calculate the magnetic field of an electric quadrupole moment, and identify the magnetic quadrupole moment, in
slow motion relative to an inertial reference system.
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Resumen
Calculamos el campo magnético producido por un cuadripolo eléctrico que se mueve con velocidad no relativista para

un sistema de referencia inercial e identificamos el momento cuadripolar magnético.

Palabras clave: Momentos eléctrico y magnético, movimiento relativo.

PACS: 21.10KY, 33.15Kr.

Consider an electric quadrupole moment in rest, located at
r’ = ry(t). The associated electric dipole moment density
(dipole moment per unit volume) is given by [1]
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in terms of the tensor electric quadrupole density Q'Y =
ng63(r’ — 1) . It is assumed here that the net charge and
net dipole moment vanishes, however there is a charge
density [2]

P/ = _% o't @)

In a reference system where the quadrupole is moving with
low velocity v = dr,/dt, a current density is measured as

(3]

= __lgoliv' (3)

since at low relative velocities coordinates and velocities
are the same. Eq. (3) can be written as the sum of two
currents

J=Jjm*+ jp:
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where

Jm = -V X (vX ), 4
and

Jp ==V V)p. Q)

First, we work with (4) in order to identify the magnetic
quadrupole moment M. Using the vector identity

axb= Eijkaibj,

where Y% is the Levi-Civita symbol, and we have assumed
the convention sum over repeated indexes, we can write

(v X 0); = &0’ o~

Then,
(VX )i = — 2w 27 (QUOE" —70),
= %(M”d(r’ - ro)) . (6)
Here
M= — 250 QY (7)
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is the tensor magnetic quadrupole moment generated by the
motion of the electric quadrupole moment, with v' the
components of the velocity. Substituting (7) in (4) we
obtain

Jin = —Sijka Ton z(Mlk5 (r —10)). ©))

Similarly, from (5) we obtain

1 ik 02
Jp = Qe 5= (83 (r — o). 9)
Next, we compute the vector potential due to (8),

AL (r)__flm(r) 3 /.

|[r=71]

The integration is performed using the well known property
of Dirac’s delta

f o 6Gp() = (~1)" I 500 [0 )],

then
§3(r")

Al ( )_ _l l]kM
r & ik | T|3

_zgijk]v[lk ) =) () §3(rd3r,

lr=r'|5
1 P
= “_Sgl]k(gx]‘xl - r25jl)Mlk , (10)
which has the form of the vector potential due to a magnetic

quadrupole moment [3]. The contribution from j,, to the
vector potential is

AL(r) = 6%, [3(r- v)x, — r2v;] Q. (11)

The magnetic field is calculated by
B=VxA.

In this way, from (10) we have

; ik @
B (r) = eV* = Ay,
1 ijk 2 D1 L,p lp
=5 Epqr[r°(368; x" + 36;xP — 26'Px;)

—5x;(3xPx! — r2§'P) M.

We use the result
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Eijkgklm = 5557{1 - 51in51j,
where 8} is the Kronecker delta symbol, to obtain
3 )
BL(r) = S(xl bx;)xt
—r2(MYx; + M7x + MxD],  (12)

which has the form of the magnetic field due to a magnetic
quadrupole moment [3].

From (11) we obtain the corresponding magnetic field
contribution

) 1 . 1 ..
B,(r) = o7 [r2(=M"x,, + Egukxj(@klvl)

_E(Sijkxj(@klxl)(r V). (13)

Summing (12) and (13) gives the total magnetic field,
which we have separated in these terms in order to
reproduce known results in the multipole expansion of the
vector potential and the magnetic field. We have defined
the magnetic quadrupole moment [7] following the same
definition for the magnetic dipole moment due to an electric
dipole moment in slow motion as in [3]. This leads to the
expression (12) for the magnetic field from a magnetic
quadrupole moment.

VI. CONCLUSIONS

The conclusions must notice the new and remarkable
contributions of the paper. Also the suggestions and
shortcomings of the manuscript must be pointed out.
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