A ball rolling down a rotating board

Akio Saitoh
Department of Civil Engineering, Kinki University, 8-23-1, Shinke-cho, Yao-shi,
Osaka 581-0811, Japan.

E-mail: phsaitoh@mb.kcn.ne.jp

(Received 12 April 2010; accepted 15 June 2010)

Abstract
This article describes an easily constructed apparatus for an experiment on a rolling ball a rotating board.
From the experimental and theoretical results, we can find that the ball leaves the board at the instant both
the ball and the board are released from hand. Then, the ball can’t roll down the board until the ball
touches the board again.
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Resumen
En este articulo se describe un aparato de fécil construccion para un experimento con una bola que rueda en un plano
inclinado giratorio. De los resultados experimentales y tedricos, podemos encontrar que el baldn sale del plano en el
instante en que la bola y el plano inclinado son liberados de la mano. Entonces, la bola no puede rodar por la tabla
hasta que la bola toca la tabla de nuevo.
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INTRODUCTION

A ball starts from rest and rolls down an inclined board. This
example is printed in many textbooks of physics. If the board
rotates freely, how far has the ball rolled down the board
when the board becomes horizontal?

PROBLEM 1

Let us consider a following problem. Two boards are fixed
together by a hinge at one end so as to allow them to fold ) ) o
together. One board is laid flat on the table and the other FIGURE 1. A ball of radius r rolls without slipping, and a board
board (mass = M , length = /) is inclined, as shown in Fig.1, of length 7 is freely rotated about a horizontal axis O’.

with a ball (mass = m, radius = r) placed on the other end of
the board. The board forms an angle 6, with the vertical.

When both the ball and the board are released from hand, the
board pivots freely on a horizontal axis O’ through the hinge,
and the ball starts from rest and rolls down the board without
slipping. When the board becomes horizontal, how far has the
ball rolled down the board? If the ball leaves the board before
the board reaches the bottom, what are those conditions?
Assume that friction about the horizontal axis O’ and air
resistance are negligible.

DISCUSSION 1

Using an apparatus shown in Fig.1, experiments were
carried out. At the instant both the ball and the board are
released from hand, the ball appears to leave the board.
Hence, we consider the normal reaction N of the board
shown in Fig. 2.
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FIGURE 2. A ball is acted on by the six forces mg, F, N, f;, f, and
fs. The forces fy, f, and f; are the inertial ones, and shown by the
double arrows. A board is acted on by the three forces Mg, N, and
a certain force on O’.

The forces acting on the ball will be the force mg of gravity,
the force of friction F and N, where g is the acceleration of
gravity. Let O be the origin of the coordinate system ( x,y).
The direction of x— axis is parallel to the inclined board
along downward. The direction of y —axis is normal to the

board. The ball is on the x— axis at the point X . By
Newton’s Second Law of Angular Motion, the moment of
inertia times the clockwise angular acceleration will equal
the clockwise torque about O’ of the board at an arbitrary
time:

1 ,. 1
5Mﬁzer:El\/lgc'sinmw—x)N, (1)

1
where 5Mfz is the moment of inertia about O’ of the

board.
On the other hand, there are three inertial forces acting
on the ball:

Centrifugal force f = m«f(f —x)%+r? 6%

f, = 2mxé.

Angular acceleration force f; = m\f(é - x)2 +r? 6.

Including these inertial forces, the forces normal to the
board will balance, since there is no acceleration of the
center of the ball in Y — axis direction.

Therefore,

Coriolis force
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N +my(¢—x)* +r% dcosg+my(L—x)* +1°6°sin g

—2mxé —mgsin 6 = 0. 2)

Where ¢ is the angle CO’0O, and point C is the center of the
ball.
r

Using following equations, SiN ¢=——u-—__  and

{—X

T Wecan rewrite Eg. (2) into
«f([ =X)"+r

N +m(¢—x)8 +mré® —2mxd-mgsin@=0.  (2a)

COS ¢ =

For time t =0 where both ball and board are initially at
rest, X|,_o =0, 6|,_o=0, X|;_o=0, 0} _,=0, Egs. (1)
and (2a) become

1. 1 _
e 8o :EMgfsm¢90+ﬂN‘t=O. (1b)

And
N | + M8,y —mgsin g, = 0. (2b)
Combining these two equations, we obtain

mMgsin 6,

3
6m+2M G

|t:0 ==

Eg. (3) shows that N|t:0 has a negative value for

0<6, < % Then, at the instant both the ball and the board

are released from hand, the ball leaves the board, regardless
of initial angle &,. Thus, the ball falls freely and the board

rotates as expressed in Eq. (1) with N =0. Then, we have
the following results:

2

1
Ball yzggt . (4)

1 .1
Board ngzazaMngina. 5)

The ball appears to collide with the board before the board
becomes horizontal under certain conditions from
experimental observation.
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FIGURE 3. The ball falls freely from B to H during the time t .

As shown in Fig. 3, when the ball collides with the board,

— 1
the ball falls a distance of BH = Egt2 in the time t . Let us

assume that the board forms an angle 6., with the vertical

at the time t =t. Then, we can write

BH =~ gt?,

N | =

- - - 1 2
BD +DJ - HJ = _gt’,

(el (=gt

—_ + —_ N — - _ ,
sin 4, tangd, tanf., r sinf.,

1
r(— =1)+ (€sin G, —rcos G, )( - )
sin g, tang, tanb.,
1 1 1
o\ _1):7gt21
I sinfq,

1 _ 1
r——m-—— )+ (£sin g, —rcosd,)( - )
sing, sinOq, tang, tano.,
1 2
=—gt". (6)
2

Using the computer “software “Mathematica [1]”, we can
calculate numerical values of the angle 6., for different
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6
6, from Egs. (5) and (6). For example, for 6, =£[rad]

11z
the ball collides with the board forming 6., =§[rad] at

6
the time t=0.178[sec]. For 6, :é[rad], the positions of

the ball and the board at the time t =0, 0.118, and 0.178
[sec] are shown in Fig.4.

6,57
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FIGURE 4. Illustrating the position of the ball and the board at the
time t=0, 0.118, and 0.178 [sec].

Fig.5 shows experimentally observed collision between
falling ball and rotating board recorded by using a high-
speed digital video camera at 500 frames per second rate. In
initial state (Fig. 5(a)), the ball and the board are the largest
length, 0.015 m, apart in vertical direction at the time
t=0.118 [s]. The time is estimated from the number of
frames. In Fig. 5(b), the ball collides with the board at the
time t =0.178 [s]. The result is in good agreement with the
calculated data shown in Fig.4.
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FIGURE 5. (a) The ball and the board are 0.015 m apart in
vertical direction at the time t=0.118[s]. (b) The ball collides with
the board at the time t=0.178 [s].
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FIGURE 6. 6o, as a function of 6,. The solid line is calculated.
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CONCLUSION 1

Fig.6 shows how the angle ., depends on &, . From
Fig.6 we see that the ball collides with the board before the
7.627

board becomes horizontal for 0 < 6, < . Hence, the

ball cannot collide with the board before the board becomes

7627

horizontal for 6, > . This problem is similar to the

problem of “Falling Chimney [2, 3]”.

Therefore, we made an apparatus shown in Fig.7 so that the
ball is to remain in contact with the board at all times. In
this apparatus, a ball with hole and a rod are used instead of
the ball and the board.

it R G i o o |

FIGURE 7. A ball slides along a rotating rod.

PROBLEM 2

When both the ball (mass = m) and the rod (mass =M ,
length = ¢) are released from hand, the rod pivots freely on
a horizontal axis O’ through the hinge, and the ball starts
from rest and slides along the rod. When the rod becomes
horizontal, how far has the ball slid down the rod? Assume
that friction and air resistance are negligible.

DISCUSSION 2

At an arbitrary time, the total kinetic energy T is

1 1 o 11 .
T="md+ -m(l-x)°6*+> -~ M
2 2 2 3

1 .2 1 252 .
where me and Em(ﬁ—x) @ are translational and

11 .
rotational kinetic energy of the ball, and E-EMKZQZ is
rotational kinetic energy of the rod. The potential energy of
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the ball and the rod respectively are (¢-x)mgcos@d , and

1
EMgﬂ cosé . At the bottom we have taken the potential

energy of both the ball and the rod to be zero.
Then, the total potential energy U is

1
U = ((-x)mgcos 6 + 5 Mg/ cos 6.

Therefore, Lagrange function L is

L=T-U,

1 1 o 1 .
= SmX+ Sm(-x)?6% + =M 67,
2 2 6

1
—(¢—x)mgcos g — 5 Mg/l cos 6. @)

The motion of the system is given by the two Lagrange
equations. The first equation of motion is written in the
form.

d oL oL o
dt ox° ox
Then,
dp -2
a[mx] —m(¢-x)(-1)6° —mgcos & = 0,
mX +m(¢ — x)0% —mgcos @ = 0. (8)

The second equation of motion is written in the form.

Then,
d .1 )
[m(d—x)26’+M.629:|
dt 3
1 . .
—EMngmH—(f—x)mgsmH:O,
. 2. 1 5.1 )
=2m(L — xX)X6 + m(L - x) 0+§M[ Q—EMgL’sme
—(¢—x)mgsin 8 = 0. 9

The initial conditions are 6?|t=0: Oy x|t=0 =0, 9|t=0 =0,

%[0 =0 The
m =0.300[kg], M = 0.150[k g],

and values are
£ =0.300[m]
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g=9.80[m/ 52] . When the rod becomes horizontal, 6 = %

and x=X . Egs. (8) and (9) are non-linear differential
equations (of order 2), and these can be rarely solved. Using
“Mathematica”, we can calculate numerical values of the
distance X for different initial angle g, .

CONCLUSION 2

Fig. 8 shows how the X depends on 8,. The solid curve is

calculated curve and closed circles (+) are experimental
points. The experimental results were in good agreement
with the calculated values although friction and air
resistance are neglected.

X [em)

"0, [rad]
0.(;84 n

FIGURE 8. X as a function of #,. The solid curve is calculated,
and closed circles (*) are experimental points.
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